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FOREWORD 
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Grumnan Aerospace  Corporation, w i t h  support  from Grumman Data 

Sys tems . 
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t e m .  Thanks  go to   our   co l league ,  D r .  Alvin Levy, for   deve loping  
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i n t e r e s t  and h e l p f u l  comments. The authors  acknowledge t h e  con- 

t r i b u t i o n  of Joseph s. Miller f o r  h i s  e f f o r t s   a s s o c i a t e d  w i t h  

t h e   i n i t i a l  programming  of t h e  PLANS system. 

Special   thanks go t o  Miss P a t r i c i a   Z i r k  for  h e r  d i l i gence  

and   dedica t ion   to  t h e  programming e f f o r t   r e q u i r e d   f o r  t h e  de- 

velopment of the PLANS system,  and  for  seeing  through t h e  o f t en  

thankless  tasks  involved  in  the  development  of a l a r g e  program. 
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"PLANS - A F i n i t e  Element  Program for   Nonl inear  

Analysis   of   Structures ,  Volume I - Theore t ica l  Manual" 

by 

A. Pifko, H. S. Levine,  and H. Armen, Jr. 

Gruman  Aerospace  Corporation 
Bethpage, New York 11714 

1. INTRODUCTION AND SUMMARY 

Th i s   r epor t   desc r ibes   t he   cu r ren t  state o f   t he  PLANS system, 

a f in i te   e lement   p rogram  for   the   nonl inear   ana lys i s   o f   s t ruc tures .  

PLANS, r a the r   t han   be ing  a single  comprehensive  computer  program, 

r ep resen t s  a collection  of  special   purpose  computer  programs  or 

modules,   each  associated  with a d i s t i n c t   p h y s i c a l   p r o b l e m   c l a s s .  

U t i l i z ing   t h i s   concep t ,   e ach  module i s  an   independent   f in i te  ele- 

ment computer  program  with i t s  a s s o c i a t e d   e l e m e n t   l i b r a r y   t h a t  

can  be  individual ly   loaded  and  used  to   solve  the  problem class of 

i n t e r e s t .   I n   t h i s  manner ,   any   s impl i f ica t ion   or   spec ia l iza t ion  

germane to   the   ind iv idua l   ana lys i s   can   be   incorpora ted   wi th in   each  

program  thereby  optimizing  computational  efficiency.  Thus,   un- 

a v o i d a b l e   i n e f f i c i e n c i e s   t h a t   r e s u l t   f r o m  a more general   purpose 

program are avoided  in   each  special   purpose  nodule .  

A l l  t h e  programs i n  PLANS employ t h e   " i n i t i a l   s t r a i n "   c o n c e p t  

wi th in   an   incrementa l   p rocedure   to   account   for   the   e f fec t   o f   p las -  

t i c i t y  and i n c l u d e   t h e   c a p a b i l i t y   f o r   c y c l i c   p l a s t i c   a n a l y s i s .  

Geometr ic   nonl inear i t ies   included  in   several   of   the   modules  are 

t r e a t e d  by  using  the  "updated"  or  convected  coordinate  approach. 

These nonl inear  terms may be  incorporated as e f f e c t i v e   l o a d s  

and /o r   mod i f i ca t ions   t o   t he   s t i f fnes s   ma t r ix .  



The increased demands from  governmental   and  industrial   or-  

ganiza t ions   assoc ia ted  w i t h  aerospace,   naval ,   and  nuclear   reactor  

technology  for   de te rmining   accura te   s t ress ,   s t ra i .n ,  and d isp lace-  

ment f i e l d s  have  been a mot iva t ing   force   behind   the   ac t iv i ty  and 

advances i n  t h e  development  of  techniques  for t h e  nonl inear   anal-  

y s i s  of s t r u c t u r e s .  

A s  a r e s u l t  of these  advances,   the   computat ional   capabi l i ty  

ava i l ab le   fo r   t he   non l inea r   ana lys i s   o f   s t ruc tu res   has   expe r i -  

enced a tremendous  growth  during  the  past  ten  years.  Indeed,  th.e 

l e v e l  of s t r u c t u r a l   a n a l y s i s   c a p a b i l i t y   t h a t  was achieved  has  out-  

s t r i p p e d   o u r   a b i l i t y   t o   d e s c r i b e   a c c u r a t e l y  complex ma te r i a l  be- 

havior   such  as   cycl ic- ,   t ime- ,  and  temperature-dependent  plas- 

t i c i t y .   P r i o r   t o   t h e  development  of  the  programs now a v a i l a b l e ,  

the  designer   or   analyst ,   confronted w i t h  a problem  involving 

s t r u c t u r a l   n o n l i n e a r i t i e s ,  was l e f t  w i t h  a choice  of  using h i s  

engineering  judgment  alone,   or i n  conjunction w i t h  p o t e n t i a l l y  

expens ive   l abo ra to ry   t e s t s .  He  now has  the  fur ther   opt ion of 

per forming   numer ica l   ana lys i s   to   ga in   ins ight   in to   the   behavior  

of   the   s t ruc ture .  

Most nonl inear   analysis   programs,  w i t h  the  except ion of a 

few,  have  been  developed 3 s  a spin-off   of   exis t ing  programs  that  

were o r i g i n a l l y   d e s i g n e d   f o r   l i n e a r   s t r u c t u r a l   a n a l y s i s .   A l t h o u g h  

t h i s  development i s  a natural   one,   the  added  dimension of general-  

i t y  has   p l aced   g rea t   r e spons ib i l i t i e s  on the  user  of  such  pro- 

grams.  Perhaps  the  greatest   asset   of  these  programs,  the  abil i ty 
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to   solve  sophis t icated  problems,  also r ep resen t s  a p o t e n t i a l  l i a -  

bi l i ty ,   i .e . ,   they  a lways  produce numbers. The  user  must s t i l l  

exerc ise   engineer ing   judgment   in   o rder   to   in te rpre t  t h e  r e s u l t s  

meaningfully.  The  a n a l y t i c   r e s u l t s  w i l l  confirm  these  feel ings 

and  provide h i m  w i t h  a d d i t i o n a l   i n s i g h t .  However, h e  now h a s  a 

luxury  of  having h i s  i n t u i t i o n   f a i l  h i m  wi thout   suf fe r ing  t h e  

consequences  of a ca tas t rophic   fa i lure ,   o r   an   overdes igned   sys tem.  

The progress   assoc ia ted  w i t h  solving  nonlinear  problems  has 

been   t he   d i r ec t   r e su l t   o f   advances   i n   s eve ra l   i n t e rd i sc ip l ina ry  

a reas  t h a t  inc lude   s t ruc tura l   mechanics ,   numer ica l   ana lys i s ,  and 

computer   systems  engineer ing.   Specif ical ly ,   in   the  area  of  s t ruc-  

tural   mechanics,   significant  advances  have  been  those  associated 

w i t h  t he   f i n i t e   e l emen t  method. The period  of  these  advances  for 

l i n e a r   e l a s t i c   b e h a v i o r   c a n  be t raced  to   the  development   of  t h e  

displacement method  of f i n i t e  e lement   analysis   (Ref .   1) .  

References 2-16 a r e   r e p r e s e n t a t i v e  of advances  associated 

w i t h  i nco rpora t ing   t he   e f f ec t s  of mater ia l   nonl inear   behavior  

i n t o  a f in i t e   e l emen t   ana lys i s .  The approach  taken  in  these 

re ferences  i s  to   deve lop   so lu t ions  of t he   r epe t i t i ve   t ype   t ha t  

l i nea r i ze   t he   bas i ca l ly   non l inea r  problem f o r  a sequence  of 

loading  s teps .   These  developed  techniques  fa l l   in to  two c a t e -  

g o r i e s :   t h e   i n i t i a l   s t r a i n   ( R e f s .  2-10) and tangent modulus 

(Refs. 11-16) methods. They differ   computat ional ly   depending 

on whe the r   t he   e f f ec t   o f   ma te r i a l   non l inea r i t i e s   en t e r s   a s  

p s e u d o l o a d s   ( i n i t i a l   s t r a i n )   o r   t h e   s t i f f n e s s   m a t r i x  i s  ex- 

p l i c i t l y   a l t e r e d   ( t a n g e n t   m o d u l u s ) .  

Cons iderable   e f for t   has   a l so   been   d i rec ted   towards   the   t rea t -  

ment  of  geometric  nonlinearit ies.   These  efforts  are  reported  in 

Refs.  17-22 fo r   cons ide ra t ion  of geomet r i c   non l inea r i t i e s   a lone  
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while  the  simultaneous  treatment  of  both  types of n o n l i n e a r i t i e s  

was repor ted   in   Refs .  23-27.  

The concurrent   contr ibut ion  f rom  numerical   analysis   methods 

notably h a s  been t h e  development of e f f i c i e n t   a l g o r i t h m s  t o  solve,  

on a repe t i t ive   bas i s ,   l a rge   sys tems  of   equa t ions .  The ease  w i t h  

which the   t heo re t i ca l   cons ide ra t ions  and numer ica l   a lgor i thms  a re  

e f f i c i en t ly   p rocessed  and t ranslated  into  meaningful   answers  i s  

a t t r i b u t a b l e   t o   t h e   i n g e n u i t y  and t a l e n t s  of  computer  systems  en- 

g ineers  who develop  the  necessary  hardware  and,  in some c a s e s ,  

software t o  s a t i s f y  what  must seem t o  them the   i n sa t i ab le   appe -  

t i t e  of the  developers  of  large  scale  programs. 

T h e  advances  in  the  above-mentioned  areas have r e s u l t e d   i n  

the  development  of many software  systems t o  t r ea t   non l inea r   be -  

havior.  These  range  from  simple  instructional pr.ograms to   gen-  

eral.  comprehensive  computer  systems  capable of t r e a t i n g   t h e   e n -  

t i r e   v i s i b l e   s p e c t r u m  of two and three  dimensional  problems. 

Reference 28  p r e s e n t s   i n  some d e t a i l   t h e   c u r r e n t   c a p a b i l i t y  of 

the  various  general   purpose  f inite  element  programs  that   are 

ava i l ab le   fo r   p l a s t i c   ana lys i s   wh i l e   Re f .  2 9  d e t a i l s   t h e   a v a i l -  

able  geometric  nonlinear  programs. 

This r e p o r t   d e s c r i b e s   t h e   t h e o r e t i c a l   b s s i s  of t h e  PLANS sys-  

t e m ,  a col lect ion  of   special-purpose  f ini te   e lement   computer   pro-  

grams fo r   non l inea r   ana lys i s .  These  programs are an  outgrowth of 

t h e  work c i t e d   i n   R e f s .  6 ,  8, and 30 conducted  by  the  authors on 

the  development  and  implementation  of  finite  element  methods  for 

nonl inear   ana lys i s .  As such ,   i n   o rde r   t o   g ive   an   h i s to r i ca l   p ro -  

spec t ive   o f   the   p rogram's   evolu t ion ,  w e  f i r s t   c h r o n o l o g i c a l l y  

summarize the  development   of   the   capabi l i t ies   represented  by 

PLANS. 
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1.1 Chrono lou  2f _theAevelopment  of  Nonlinear  Structural  
A n ~ ~ y s - i s -  T e g h g i s e s  a t  Grumman Aerospace  Corporation' 
__- 

e Contract:  NAS 1-5040 

Period : 5/65-12/66 

Ref. Document: Ref. 6 

Goal: 

Kesult  : 

Comments : 

To combine ex i s t ing   f i n i t e   e l emen t   t ech -  

nology w i t h  p l a s t i c i t y   t h e o r i e s   t o   t r e a t  

general   ( including  cycl ic)   loading  con-  

d i t i o n s .  

Methodology  developed f o r  membrane 

s t r e s s e d   s t r u c t u r e s  (two  dimensional). 

Some v e r i f i c a t i o n  w i t h  NASA experiments 

on notched  panels  under  cyclic  loading. 

The p las t ic  a n a l y s i s  program  developed 

a t  t h i s  s tage   requi red  a s e p a r a t e   e l a s t i c  

a n a l y s i s  program t o  generate   inf luence 

c o e f f i c i e n t s ,  A r e s t r i c t i o n  of a maximum 

of 55 elements w i t h  approximately 100 

degrees of freedom was enforced on the 

b a s i s  of   core   s torage   l imi ta t ions .  T h i s  

e a r l y   e f f o r t  i s  n o t a b l e   f o r  i t s  i n t r o -  

duct ion of a reasonably   sophis t ica ted  

p las t ic i ty   theory   (k inemat ic   hardening)  

wi th in  t h e  framework  of a complex  numeri- 

ca l   s t ruc tura l .   ana lys i s   p rocedure .  The 



synthesis of this capabi l i ty   has   se rved  

as a forerunner   for   subsequent   e f for t s .  

8 C ontrac t : NAS 1-7315 

Period : 6 / 6 7 - 6 / 6 9  

Ref. Document : Ref. 8 

Goals: 

Resul ts  : 

Comments: 

0 Contract:  

Period: 

1) Extend  methods  developed in   p rev ious  

s tudy   t o   t r ea t   non l inea r   bend ing   be -  

havior ;  and 2 )  d e t e r m i n e   t h e   f e a s i b i l i t y  

of t r e a t i n g  combined ma te r i a l  and  geo- 

m e t r i c   n o n l i n e a r i t i e s .  

1) Introduced  and  applied  the  concept o f  

an   e las t ic -p las t ic   boundary  i n  the p l ane  

and  through  the  thickness of t r i a n g u l a r  

and rectangular  bending  elements.  

Trea ted   p roblem  assoc ia ted  w i t h  bending 

alone  or  combined w i t h  membrane loads.  

2 )  Incorporated,  on a l imi t ed   bas i s ,  an 

incremental   technique  to   account   for  

combined m a t e r i a l  and geometric  non- 

l i n e a r i t i e s .  

Appl ica t ions   to  beams and p l a t e s .  De- 

termined  collapse  loads  and modes of a 

var i e ty   o f   p l a t e - type   s t ruc tu res .  Com- 

b ined   nonl inear i t ies   c rea ted   for  beams 

and  arches. 

NAS 1-10087 

6 / 7 0 - 6 / 7 4  
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Ref. Document: Ref. 30 and c u r r e n t   r e p o r t  

Goals : 

Resul t s :  

1) Expand " l i b r a r y "   o f   f i n i t e   e l e m e n t s   t o  

inc lude  a broad  base  of   appl icat ions;  

2 )  develop  general  comprehensive  program 

f o r   t h e   p l a s t i c   a n a l y s i s  of s t r u c t u r e s ;  

3)  extend  the  methods  for  the  treatment 

of combined m a t e r i a l  and  geometric  non- 

l i n e a r i t y ;  and 4 )  implement  combined 

nonl inear   ana lys i s   t echniques   in to   the  

program  developed  in ( 2 ) .  

1) I n   a d d i t i o n   t o   t r i a n g u l a r  membrane and 

p l a t e   e l emen t s   i nco rpora t ed   i n   t he   f i r s t  

two studies,   the  fol1.owing  elements were 

inc luded   in to   the   e lement   l ib rary :   ax i -  

symmetric  revolved  tr iangle , axisymmetric 

s h e l l ,  3 - D  v a r i a b l e  node  isoparametric 

so l id   e l emen t ,   shea r   pane l ,   s t r i nge r s ,  

axisymmetric  r ir .gs,   general  beams of v a r i  

ous  c r o s s   s e c t i o n s ,  and a composite  ele- 

ment. 2 )  PLANS has  evolved  as a c o l l e c -  

t i o n  of  programs  each  one of w h i c h  i s  de- 

s i g n e d   t o   t r e a t  a p a r t i c u l a r   c l a s s  of 

ana lys i s ,   i . e . ,   ax isymmetr ic   ana lys i s  of 

bodies   of   rcvolut ion,  3 - D  a n a l y s i s  of 

s o l i d   b o d i e s ,   e t c .   ( t h e   p a r t i c u l a r  ;nod- 

u l e s   a r e   d i s c u s s e d   i n  more d e t a i l   i n  a 

subsequent   sect ion of t h i s  r e p o r t ) .  

3 )  Genera l   t echniques   to   t rea t  combined 

n o n l i n e a r i t i e s  have  been  developed  within 

the framework  of the  previous  procedures 
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Comments: 

t o  t rea t  p l a s t i c i t y   a l o n e .  4 )  T h e  com- 

b ined   nonl inear   ana lys i s   t echniques  were 

implemented i n t o  PLANS f o r  t h e  a n a l y s i s  

of axisymmetric s h e l l  s t r u c t u r e s   a n d   f o r  

gene ra l  3-D b u i l t - u p   s t r u c t u r e s ,   t y p i c a l  

of a i r c ra f t  cons t ruc t   i on .  

The  successful   complet ion of t h e  goa ls  

a s s o c i a t e d  w i t h  t h i s  e f for t   has   enabled  

a n a l y s t s   t o   r e a l i s t i c a l l y   c o n s i d e r   p r o b -  

lem a r e a s  t h a t  could  otherwise  be  only 

t r e a t e d  on a h e u r i s t i c   b a s i s .   S e v e r a l  

of  these  problem areas are   discussed  sub-  

s e q u e n t l y   i n  t h i s  s ec t ion .  

1 . 2  Applicable  Problem Areas - Current  and  Future 

Only  two r e l a t e d   m o t i v a t i n g   f a c t o r s   c o u l d   j u s t i f y  t h e  c o s t  

a s soc ia t ed  w i t h  developing  advanced  analyt ic   capabi l i t ies   such as  

those  represented  by PLANS. The f i r s t   m o t i v a t i o n  i s  t h a t  t h e  i n -  

vestment w i l l  r e s u l t   i n   r e d u c i n g   t h e   c o s t   a s s o c i a t e d  w i t h  design-  

ing  and/or   bui lding t h e  system. T h e  second  reason  for  developing 

advanced  analyses i s  t h a t  t h e  system  being  considered  does  not 

f a l l   i n t o  a genera l   ca tegory  of  those  previously  deslgned  and  fn 

serv ice .   Therefore ,  t he re  must 3e t h e  c a p a b i l i t y   t o   g a t h e r  i E -  

s i g h t  by t e s t  and   ana lys i s   to   demonst ra te  t h e  i n t e g r i t y  of t h e  

sys  t e m .  

I n   a d d i t i o n   t o  t h e  problems  associated w i t h  reducing  weight 

and t r ea t ing   ove r load   cond i t ions ,  t h e  following  problem  areas a p -  

pear   to   be   the   mos t   l ike ly  t o  b e n e f i t  - from t h e  viewpoint  of t h e  

above-mentioned  motivating  factors - by t h e  further  development 

of non l inea r   s t ruc tu ra l   ana lyses .  
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1 . 2 . 1  Fat igue  and  Fracture   Analysis  

F a t i g u e   l i f e   p r e d i c t i o n s  are by-and-large  semiempirical   pro- 

cedures.  T h e  techniques   genera l ly   used   have ,   un t i l   recent ly ,  

paid l i t t l e  more t h a n   l i p  service t o  t h e  e f f e c t s  of p l a s t i c   f l ow.  

It i s  n o t  real is t ic  to   cons ider   such  phenomena as t h e  e f f e c t  of 

r e s i d u a l  stresses, propagat ing  cracks,   and  cycl ic   load  spectrum 

i n  a f lawed  s t ruc ture   wi thout  a reasonably  accurate   t reatment  of 

p las t ic   deformat ion .  Also inc luded   i n  t h e  f a t i g u e  and f r a c t u r e  

a n a l y s i s  problem area i s  fastener   technology,  where  t h e  i n s t a l l a -  

t i o n  and  operation  of t h e  f a s t ene r s   i nvo lve   l a rge   s t r a ins  and 

deformations.  

1 .2 .2  Crashworthiness  Evaluation 

A c a p a b i l i t y   f o r  t h e  ana lys i s   o f   gene ra l   t r anspor t a t ion  sys- 

tems i s  va luable   for   eva lua t ing   ex is t ing   des igns ,   pos t -mor tem 

a n a l y s i s  of damaged u n i t s ,   p r e d i c t i n g  t h e  crashworthiness  of pro-  

posed   des igns ,   and   es tab l i sh ing   c rashwor th iness .   des ign   c r i te r ia .  

Resu l t s  o f  crash s imulat ion  s tudies   can  be  used  to   determine  prob-  

a b l e  damage to   passengers ,   equipment ,  and s t r u c t u r e .   I n   a d d i t i o n ,  

a r eas   fo r   s t ruc tu ra l   mod i f i ca t ions   ( i nc lud ing   ene rgy   abso rbe r s )  

can  be  determined  along w i t h  the i r   assoc ia ted   cos t   and/or   weight  

p e n a l t i e s .  Note t h a t  t h e  a p p l i c a t i o n  of such a c a p a b i l i t y  i s  no t  

l imi t ed   t o   t r anspor t a t ion   sys t ems ,   bu t   i nc lude   des ign  and a n a l y s i s  

of such   s t a t iona ry   s t ruc tu res  as highway b a r r i e r s  and  nuclear  con- 

ta inment   vessels   subjected  to   impact   loads.  

1 . 2 . 3  High Temperature  Applications 

I n  t h e  des ign   and   ana lys i s  of nuc lear   reac tor   sys tem compo- 

n e n t s ,   l a r g e  t h e r m a l  g r a d i e n t s  are. common; i n   f a c t ,  much of t h e  

plast ic   deformation  resul ts   f rom  thermally  induced  loadings.  
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Furthermore,  these loadings  tend  to  be c y c l i c a l ,   s e p a r a t e d  by 

hold   per iods   under   sus ta ined   h igh   leve ls   o f   cons tan t   s t ress   o r  

s t r a i n   c o n d i t i o n s .  The space   shu t t l e   r ep resen t s   ano the r  example 

of a s t r u c t u r e   t h a t  w i l l  operate   in   an  environment   in  w h i c h  tem- 

pe ra tu re s   a r e   su f f i c i en t ly   h igh   t o   cause   deg rada t ion  of s t r u c -  

t u ra l   s t r eng th .   Fo r   bo th   t he   r eac to r  components  and  the  space 

s h u t t l e  i t  becomes d i f f i c u l t   t o   s e p a r a t e  t h e  e f f e c t s   a s s o c i a t e d  

w i t h  p l a s t i c  flow  and  creep. 

1 .2 .4  Metal  Forming  Technology 

Duct i le   metals  may b e   r o l l e d ,  hammered, bent ,   o r   ex t ruded  

even a t   r e l a t i v e l y  low temperatures.   These  processes  generally 

require  considerable  energy.  Therefore  accurate  methods  for  de- 

termining  the  behavior of so l ids ,   under   the   condi t ions   severe  

enough t o  cause  permanent  changes i n   s h a p e ,   a r e   s i g n i f i c a n t   i n  

a t t a i n i n g   i n c r e a s e d   f a b r i c a t i o n   e f f i c i e n c y .  

1.2.5 Nonisotropic   Mater ia ls  

T h e  treatment of the  nonl inear   behavior  of s t ruc tu res   con -  

s t r u c t e d  of homogeneous or thotropic   or   layered  composi te   mater i -  

a l s  may appear  to be  presumptuous i n  view  of  the many remaining 

unanswered  questions  associated w i t h  homogeneous i so t ropic   mate-  

r i a l s .   Neve r the l e s s  such  m a t e r i a l s   e x i s t  (more s o  than  the  ideal-  

ized  mater ia ls   considered)  and are  being  used w i t h  i nc reas ing   f r e -  

quency in   aerospace   appl ica t ions .  It would  be u n r e a l i s t i c  t o  ne- 

glect   the   special   problems  posed by such  mater ia ls  when developing 

a gene ra l   pu rpose   p l a s t i c   ana lys i s   capab i l i t y .  



2. PROGRAM DEFINITION 

2 . 1  General   Discussion 

Developing a comprehensive f in i t e   e l emen t  program  remains a 

subject ive  undertaking  s ince i t  invariably  depends on the   ana lys t s  

designing t h e  program, t h e  computer  hardware a v a i l a b l e ,  and the 

r e s o u r c e s   a l l o c a t e d   f o r   t h e   p r o j e c t .  

Many o f   t he   bas i c   c r i t e r i a  for both  l inear  and  nonlinear 

general   purpose  codes  are  similar. However, given  that   the   ap-  

p ropr i a t e   t heo r i e s  from s t r u c t u r a l  mechanics  have  been  imple- 

mented ,   the   d i s t inguish ing   fea tures  of a nonl inear  program a r e  

twofold: 1) displacements , s t r e s s e s ,   e l a s t i c - p l a s t i c   s t r a i n s ,  

e t c . ,  mus t  be s tored  for   subsequent   use i n  succeeding  load  s teps ,  

and 2 )  t he   so lu t ion  i s  of   the   repe t i t ive   type  so  t h a t   c a l c u l a -  

t ions   tha t   a re   per formed  once   for   an   e las t ic   ana lys i s  must  be r e -  

p e a t e d   i n  a nonl inear   ana lys i s .  The l a t t e r   c o n s i d e r a t i o n  i s  most 

c r i t i ca l   because   wh i l e  i t  i s  t rue   tha t   nonl inear   ana lyses  have 

reached  the  stage  of  maturity such  that  almost  any  problem  can  be 

solved  for  a p r i ce ,   t he   cos t   fo r   such   an   ana lys i s   can  become p ro -  

h ib i t ive .   Consequent ly ,  i t  i s  incumbent on the  designer of a 

nonlinear  code t o  minimize  the  cost of an   ana lys i s  s o  t h a t  s o l u -  

t ions  to   meaningful   problems  are   economical ly   feasible .  

For a large  comprehensive progzam, steps  towards t h i s  end 

m u s t  be taken  not  only i n  reducing  computing time ( i . e . ,  use of 

the   cen t ra l   p rocess ing   un i t )   bu t   a l so   in   reducing   overhead   cos ts  

a s soc ia t ed  w i t h  accessing  data  on secondary  starage  devices.  

The use of  an e f f ic ien t   so lu t ion   a lgor i thm  has   the  most s i g -  

n i f i c a n t   e f f e c t  in reducing  computer  costs  associated w i t h  CPU 

time. 
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After  t h e  choice  of a so lu t ion   a lgo r i thm h a s  been made, g r e a t  

c a r e  must  be  taken  in  coding t h e  key "number crunching' '   portion of 

t h e  code,   including t h e  jud ic ious   use  of .machine language  rout ines  

f o r   c e r t a i n   o p e r a t i o n s .   E f f o r t s  must a l s o   b e  made t o  perform  key 

inpu t /ou tpu t   func t ions   i n   an  optimum fash ion  so  t h a t  t h e i r  asso-  

c ia ted  overhead c o s t s  are  minimized. T h e  a l l o c a t i o n  between 

scra tch   d i sc   s torage   and   pr imary   in -core   s torage  i s  t h e  main op- 

e r a t i o n a l   d e c i s i o n   t o   b e  made here .  Such f e a t u r e s  as v a r i a b l e  

co re   a l loca t ion   enab le  t h i s  r a t i o   t o  be  opt imized  for  a given 

problem  and  machine. 

2 .2  T h e  PLANS System 

The PLANS system, ra ther  than  being one comprehensive com- 

pu te r  program, i s  a c t u a l l y  a c o l l e c t i o n  of f ini te   e lement   programs 

used   fo r   t he   non l inea r   ana lys i s   o f   s t ruc tu res .  T h i s  c o l l e c t i o n  o f  

programs  evolved  and i s  based on t h e  o rgan iza t iona l   ph i lo sophy   i n  

w h i c h  c l a s ses   o f   ana lys i s   a r e   t r ea t ed   i nd iv idua l ly   based  on the 

physical  problem class t o  be analyzed. On t h e   b a s i s  of t h i s  con- 

c e p t ,  each  of the  independent  f inite  element  computer  programs of 

PLANS, w i t h  an   assoc ia ted   e lement   l ib rary   can   be   ind iv idua l ly  

loaded  and  used t o   s o l v e  t h e  problem c l a s s  of i n t e r e s t .  A number 

of  programs  have  been  developed fo r   ma te r i a l   non l inea r   behav io r  

a lone and f o r  combined geometr ic   and  mater ia l   nonl inear   behavior .  

Table 1 summar izes   the   usage ,   capabi l i t i es ,   and   e lement   l ib rar ies  

of t h e   c u r r e n t  programs  of  the PLANS system. T h e s e  inc lude :  

e REVBY f o r   t h e   p l a s c i c   a n a l y s i s  of  Sodies  

of r evo lu t ion  

0 OUT -OF - PLANE f o r   t h e  p l a s t i c  a n a l y s i s  of b u i l t - u p  

struct-:res  where membrane e f f E c t s  

predominate 
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T a b l e  1 

CURWM CAPABILITY OF  PLANS 

U I J  

OUT-OF-PLANE 
( m a t e r i a l   n o n l i n e a r i t y !   s t r u c t u r e s   c o m p o s e d  c i  

A n a l y s i s   o f   b u i l t - u p  

membrane s k i n s ,  
s r - i n g e r s ,   b u l k h e a d s  

E V R Y  
s m a ~ e r i a l   n o n l i n e a r i t y )   r e v o l u t i o n  

Ana1y;i:. o f   b o d i e b  g f  

SATELLITE 

( m a t e i i a l   a n d   g e o m e t r i c  
n o n l i n e a r i t y )  

0 - p w - n c  

( m a t e r i a l   n o n l l l e a r i c y )  
H E X  

( m a t e r i a l   t , o n l i v , e a r l t y )  
FEND 

Mesh g e n e r a t i o n .   p l o t  
i d p a l i z a r i o n ,   d a t a  
c h e c k i n g  

Same as Om-OF-PLANE b u t  
i n c l u d e s   t h e   e f f e c t  o f  
g e o m e t r i c   n o n l i n e a r  
b e h a v i o r  

A n a l y s i s   o f   t h r e e   d i m e n -  
s i n n a l   s o l i d s  

A n a l y s i s   o f   b u i l t - u p  
L t r u c   c u r e s ,   i n c l u d e s  
b e n d i n g   o f   s h e e t   m a t e r i a l  

E l e m e n t   L i b r a r y  

Fami ly  o f  t r i a n g u l a r  membrane 
e l e m e n t s ,  stringer e l e m e n t ,  

w i t h   t h e   f o l l o v i n b   c r o s s   s e c -  
s h e a r   p p n e l ,  beam e l e m e n t s ,  

s o l l d   c i r c u l a r ,   I - s e c t i o n ,  
t i o n s :   s o l i d   r e c t a n g u l a r ,  

7 . - s e c t i o n ,   L - s e c t i o n ,  
T - s e c t i o n ,   h o l l o v   r e c t a n g u l a r ,  
h o l l o v   c i r c u l a r  

I s o p a r a m e c r i c  s h e l l   o f  r e v o l u -  
t i o n   e l e m e n t .  r e v o l v e d  t r i -  

LoadinR 
- C o n c e n t r a t e d   f o r c e s   a n d  

- D i s t r i b u t e d   e d g e   l o a d  on 
momcnts a t   n o d e s  

- D i s t r i b u t e d   l a t e r a l   l o a d  on 
t r i a n g u l a r   e l e m e n t  

- T h e r m a l   l o a d i n g  
beam e l e m e n t s  

Ar isynnnet r ic  
- L i n e   l o a d i n n  

a n g u l a r   e l e m e n t ,   r i n g   s L i f f e n e r  - D i s t r i b u t e d - l o a d  on s h e l l  
o f   v a r i o u s  crc..;s s e c t i o n s  

- D i s t r i b u t e d   l o a d   o n   r e v o l v e d  

- T h e r m a l   l o a d i n g  

e l e m e n t s  

t r i a n g l e s  

Same as  OVT-OF-PLl\!X Same a s  om-OF-PLANE 

I s o p a r a m e t r i c   f a m i l y  o f  
h e x a h e d r a  

- C o n c e n t r a t e d   f o r c e s  a t  n o d e s  - D i s t r i b u t e d   s u r f a c e   l o a d   o n  

- Therma l   l oad ing  
a f a c e   o f  a h e x a h e d r a  

F a m i l y   o f   t r i a n g u l a r  membrane - C o n c e n t r a t e d   f o r c e s   a t   n o d e s  
e l e m e n t s ,   s t r i n g e r   e l e m e n t ,  
beam element   (same cross  s e c -   t r i a n g u l a r   p l a c e   a n d  mem- 

- D i s t r i b u t e d   e d g e  lo.ds on 

c rd?r  t r i a n g u l a r   p l a t e   e l e m e n t  - D i s t r i b u t e d   l a t e r a l   l o a d  on 
c i o n s   a s  Om-OF-PLANE), h i g h e r   b r a n e   e l e m e n t s  

(bend ing   and   membrane )   p l a t e   and  beam e l e m e n t s  - Therma l   l oad  

C u r r e n t   C a p a b i l i t e  

600 members 
900 n o d e s  

6 d e g r e e s  of f reedom 
p e r   n o d e  

600 members 
900 n c d e s  

6 d e g r e e s   o f   f r e e d o m  
p e r   n o d e  

same a s  O ~ - O F - P L A N E  

2500 members 
2500 n o d e s  

3 d e g r e e s   o f   f r e e d o m  
per node 

Open c o r e  - v a r i a b l e  num- 
b e r  of  members a n d  nodes 
Up t o  1 2   d e g r e e s   o f   f r e e -  
dom p e r  node 



0 BEND 

0 HEX 

f o r  t h e  p l a s t i c   a n a l y s i s   o f   b u i l t - u p  

s t r u c t u r e s  w h e r e  bending  and membrane 

e f f e c t s  a re  s i g n i f i c a n t  

f o r  problems  requiring a three  dimen- 

s i o n a l  e l a s t i c ,  p l a s t i c   a n a l y s i s  

OUT-OF-PLANE-MG f o r  t h e  material and  geometric  non- 

l i n e a r   a n a l y s i s   o f   b u i l t - u p   s t r u c t u r e s  

Supplementing these  i s  a SATELLITE program for  data  debugging  and 

p l o t t i n g  of input  geometries.  

Developing t h e  programs i n  t h i s  manner a f forded  some d i s t i n c t  

advan tages ,   pa r t i cu la r ly   i n  a research  environment,   since w e  were 

ab le   to   keep   the   ind iv idua l   p rograms  as   s imple  as poss ib le   and ,  

therefore ,   easi ly   understood  and  modif iable .   Furthermore,   in  

general,  each  program  follows t h e  same basic  flow  and  each  con- 

t a i n s  many  common subroutines.  Consequently,  once t h e  basic  f low 

and  supervisory  subroutines  have  been  established,  development 

could  proceed a s  p a r a l l e l   e f f o r t s  w i t h  d i f f e r e n t  programs  being 

worked on a t  the same cime. 

It also  simultaneously  allowed  for  the  deveiopmect of  sp in-  

o f f  modules fo r   spec ia l   pu rpose   ana lys i s .  An example of t h i s ,  r e -  

ported  in   Ref .  31, i s  the  FAST module f o r   f r a c t u r e   a n a l y s i s .  An- 

o ther   spec ia l   purpose  module developed  under t h i s  concept i s  

SATELLITE w h i c h  i n t eg ra t e s   t he   i npu t   pa r t   o f   t he  programs w i t h  

FORTRAN mesh generat ion  subprograms  and  input   plot t ing  rout ines ,  

Another  implication  of t h i s  approach   a l so   a rose   in   the   de-  

velopment  of PLANS. W i t h  t h e  development  of  each  succeeding  pro- 

gram, new and   hopefu l ly   be t te r  programming techniques  were  real-  

ized.  These  improvements were implemented in  succeeding  programs 
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so  t h a t  cont inued   growth   in   p rogram  capabi l i ty ,   genera l i ty ,  and 

e f f i c i e n c y  was achieved. 

Although t h e  programs  can  be  individually  loaded i t  i s  con- 

v e n i e n t   t o   i n t e g r a t e  them i n t o  a single  system  by making each 

module callable  from  an  executive  program. 

A b r i e f   d i scuss ion   o f   t he   s ign i f i can t   f ea tu re s   o f   s eve ra l  

components  of the  system  follows. 

2 . 2 . 1  Executive Program 

The executive  program i s  a small c a l l i n g  program t h a t  u t i -  

l izes   the  computer 's   system  to  form an   over lay   s t ruc ture .  How- 

eve r ,   f o r   an  I B M  f a c i l i t y  we make use of  a PL/1  program c a l l e d  

WIZARD (Ref. 32),  w r i t t e n   a t  Grumman Data  Systems,  that  allows 

a u s e r   t o   s t o r e  many program  decks on a magnet ic   tape  or   direct  

access  volume. 

T h i s  system i s  comprised of t h r e e   s e p a r a t e   c o l l e c t i o n s  of 

subprograms.  These  are: 

A source  update  program t o  allow a u s e r   t o   s e l e c t i v e l y  

e d i t  and compile a new source  program 

0 An object   update   program  that   maintains   updated  f i les  

of  compiled  source  program 

0 A f i l e   s e l e c t  program t h a t  s e l ec t ive ly   l oads  programs 

f rom  the   ob jec t   f i l e   for   execut ion  

W h i l e   t h e   f i l e   s e l e c t  program ca.n accept  commands t o  load 

individual  programs, i t  can  a lso  load  groups of programs by simply 

supplying a group name t h a t  h a s  been  previously  defined.  In  addi- 

t ion ,   each   group  def in i t ion  may contain  other   group names i n  i t s  

d e f i n i t i o c ,  T h i s  f e a t u r e  i s  par t icu lar ly   meaningfu l   for   our  



purposes  since  each  program  naturally  defines a group,  and  pro- 

grams common t o  a l l  groups  (such  as  the  solution  package)  are 

natural ly   subgroups.  

The modules  of t h e  PLANS sys t em  a re   a l so   ope ra t i ana l  on C K  

computers. However, since PL/1 i s  unavai lab le  on many CDC f a c i l i -  

t ies ,   the   system  descr ibed  above  cannot   be  used.   Consequent ly ,  on 

CDC machines w e  have made use or" an  overlay  approach  to  implement 

the  execut ive  system.  Specif ical ly ,  u s e  i s  made of the NASTEUN 

l i n k a g e   e d i t o r   f a c i l i t y   t o  implement t h i s  overlay  procedure.  

2 .2 .2  Basic Flow  of t h e  Analysis  Programs 

Modules  were  developed i n   t h e  PLANS sys tem  tha t   t rea t   mate-  

r i a l  nonlinear  behavior  and combined m a t e r i a l  and  geometric  non- 

l inear   behavior .  

The modules t h a t  ana lyze   ma te r i a l   non l inea r i t i e s   a lone  i m -  

plement  the i n i t i a l   s t r a i n   a p p r o a c h  w h i c h  does   no t   requi re   the  

s t i f f n e s s   m a t r i x  be updated a t  any   s t ep   i n   t he   ana lys i s  s o  t h a t  

the  program  organization w i l l  d i f f e r  from t h a t   f o r  combined  geo- 

met r ic  and mater ia l   noni inear   behavior .  F i r s t ,  we d iscuss  i n  

d e t a i l   t h e   b a s i c   f l o w   f o r  a t y p i c a l  module i n  PLANS t h a t   t r e a t s  

m a t e r i a l   n o n l i n e a r   b e h a v i o r   a l o n e   u s i n g   t h e   i n i t i a l   s t r a i n   a p -  

proach. 

Figure 1 i s  a schematic  representation  of  the  flow  of  each of 

t h e  analysis  programs t h a t  implement t h i s  approaah. It should be 

pointed  out  that   the  program  outlined below  does  not f u l f i l l   t h e  

c r i t e r i o n  of be ing   genera l   purpose   in   the   sense   tha t  i t  can  be 

used   to   per form  ana lys i s   o f   d i f fe ren t   phys ica l  phenomena (geo- 

met r ic  and material   nonlinear  behavior)  and  implement  various S O L U -  
t ion  procedures   ( tangent  modulus  and i n i t i a l   s t r a i n   a p p r o a c h ) .  
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I Read Input  I 

- 
Form Element S t i f f n e s s  
a n d   I n i t i a l   S t r a i n  
S t i f fnes s   Ma t r i ces  

Assemble T o t a l   S t i f f n e s s  
Matrix  and Load Vector . 1 Solve for Displacements 

Calcu la te  Yield 
Load S t r e s s e s  
and S t r a i n s  

w 
Ret u r n  

Calculate   Unit  Load 
S t r e s s e s  and S t r a i n s  

Solve f o r   I n i t i a l  
Yield Load 

( a )  Main Program ( b )  ELAS 

Fig. 1 Basic Flow of Nonlinear  Material Analysis 
Program ir,. 3LANS 
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However, i t  was developed w i t h  t h e   i n t e n t   t o  implement  one so lu-  

t ion   p rocedure   for  a given  problem  class   in   the  s implest  and most 

c o s t   e f f e c t i v e  manner. In  t h i s  sense t h e  e n t i r e  PLANS system  and 

no t   an   i nd iv idua l  module can  be  considered t o  be a genera l  pur -  

pose  program. 

A s  shown i n   F i g .  1, each module h a s  three  major  components: 

a main c a l l i n g   r o u t i n e  (MAIN) , an e l a s t i c   a n a l y s i s  subprogram 

(ELAS), and the   p las t ic   ana lys i s   subprogram (PLAS). A discussion 

of  each  of  these  components  follows. . 
e MAIN 

Each individual  computer  program i s  con t ro l l ed  by a main 

c a l l i n g  program t h a t   s e t s  up  c o r e   a l l o c a t i o n   f o r   p r i n c i p a l   a r r a y s  

and   t he   da t a   s e t   spec i f i ca t ions   fo r   aux i l i a ry   s to rage .  The main 

program  then   t ransfers   cont ro l   to   subrout ine  ELAS. ELAS i s  a 

f i n t t e   e l e m e n t   e l a s t i c   a n a l y s i s  program tha t   pe r fo rms   t he   e l a s t i c  

a n a l y s i s  and c a l c u l a t e s   t h e   i n i t i a l   y i e l d   l o a d .   C o n t r o l  i s  t r a n s -  

ferred  back  to   the main program,  which c a l l s   s u b r o u t i n e  PLAS only 

i f   r e q u e s t e d .  PLAS manages t h e   p l a s t i c   a n a l y s i s  and maintains 

con t ro l   o f   t he   ana lys i s  u n t i l  the   comple te   p las t ic   ana lys i s  i s  

performed. By so  organizing  the  p-ogram i t  should be poss ib le  

w i t h  a minimum amount of  change t o   u s e  PLAS w i t h  o the r   ava i l ab le  

f in i t e   e l emen t   e l a s t i c   ana lys i s   p rog rams .  

0 ELAS 

Figure 1 shows a block  diagram o f  the  computational flDw of 

ELAS. T h i s  program i s  a special   purpose f h i t e  slement  program 

f o r   t h e   e l a s t i c   a n a l y s i s  of  s t ruc tures .   Accord ingly ,  i t s  f i r s t  

major t a sk  i s  t o  read a l l  input .  The Input i s  read i n  func t iona l  

groups  as  follows: 
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c 
e Problem t i t l e  

e Nodal   coordinates   and  control   var iables  

e Member topology  descr ib ing   connec t iv i ty  

8 Nodal  boundary  conditions.   Single  and  multipoint  con- 

s t r a i n t s  on t h e  displacements are s p e c i f i e d   i n   a d d i -  

t i o n   t o   f i x e d   o r   f r e e   c o n d i t i o n s .  

Load vector  - includes member or   nodal   load   da ta   for  

d i s t r ibu ted   su r f ace   l oads ,  edge  or  l ine  loads,   concen- 

t r a t e d   l o a d s ,  and thermal  loads 

8 Mater ia l  and sec t ion   p rope r t i e s  - t a b l e s  of e l a s t i c  and 

p l a s t i c   m a t e r i a l   p r o p e r t i e s  and member geometric  proper- 

t i e s   a r e   s e t  up  along w i t h  app l i cab le  members. Complete 

generali ty  has  been  maintained s o  tha t   o r tho t ropic   mate-  

r i a l   b e h a v i o r   c a n  be spec i f i ed .  

O the r   va r i ab le s   con t ro l l i ng   ou tpu t   a r e   a l so   spec i f i ed .  The i n p u t  

scheme has  been  writ ten s o  a s   t o  minimize  the amount of  card 

handling  for  any  problem. 

During  the  input  portion of the  program,  externally numbered 

nodes  and members are   converted to i n t e r n a l l y  numbered nodes  and 

members v i a  some in t e rna i ly   gene ra t ed   t ab l e s .  A s  a consequence 

of t h i s  feature ,   codes  and members can be a r b i t r a r i l y  numbered and 

new ones  can be e a s i l y  added t o  a n   e x i s t i n g   i d e a l i z a t i o n   o r   t h e  

connect ivi ty   (bandwidth)   a l tered w i t h  t h e   s p e c i f i c a t i o n  of  some 

simple  card  input.   In  addition,  based on these   t ab l e s ,   t he re  i s  
a s u b s t a n t i a l  amount of   input   checking   for   the   va l id i ty   o f   spec i -  

fied  nodes  and members. 

T h e  n e x t   s t e p  i s  t o  f0.m a l l  e l emen t   s t i f fnes s ,  st:ress, and 

i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i c e s .  T h i s  rou t ine   a l so   p l aces   t he  
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e lements   o f   the   s t i f fness   mat r ix   a long  w i t h  t h e i r   p o s i t i o n   i n   t h e  

t o t a l   s t i f f n e s s   m a t r i x  on a sequent ia l   auxi l ia ry   s torage   device .  

In   add i t ion ,   t he   e l emen t   s t r e s s  and i n i t i a l   s t r a i n   m a t r i x   a l o n g  

w i t h  some e lement   cont ro l   var iab les   a re   p laced  on another  sequen- 

t i a l   a u x i l i a r y   s t o r a g e   d e v i c e   t o  be   used   subsequent ly   for   s t ress -  

s t r a i n   c a l c u l a t i o n s .  

The t o t a l   s t i f f n e s s   m a t r i x  and load  vector  are  assembled by 

sequent ia l ly   reading   the   e lement   s t i f fness   mat r ix  and "stacking" 

ind ices  from a u x i l i a r y   s t o r a g e  and s t ack ing   t ha t   po r t ion  of  the 

s t i f f n e s s   m a t r i x   t h a t   f i t s   i n   c o r e ,  and  then  reading i t  onto  an 

aux i l i a ry   s to rage   dev ice .  T h i s  process i s  repea ted   un t i l   the   en-  

t i r e   l o a d   v e c t o r   a n d   s t i f f n e s s   m a t r i x  have  been  formed. 

Our basic  design  philosophy i s  t o  make a l t e r a t ions ,   pe r fo rm 

cer ta in   mat r ix   manipula t ions  such  a s   t hose   r equ i r ed   fo r   s ing le  

and  mult ipoint   constraints   (see  Sec.  3 . 6 ) ,  and account   for  bound- 

a ry   condi t ions   ( inc luding   appl ied   d i sp lacements )  on the  element 

l eve l ,   and   t hen   t o   a s semble   t hese   quan t i t i e s   i n to   t he   mas te r   a r -  

r a y s .   I n  t h i s  manner we need  not make use of a ma t r ix   i n t e rp re -  

t ive   sys tem  to   manipula te   l a rge   mat r ices .  

W i t h  t h e   t o t a l   s t i f f n e s s   m a t r i x  and  load  vector  assembled, 

t he   nex t   s t ep  i s  t o  solve for   displacements .  Two solution  pack- 

ages   a re   cur ren t ly   be ing   used   for  t h i s  purpose,  both  based on the 

Cholesky  factor izat ion  method.   Their   d i f ferences  are   based on 

the   sys tem  used   to   s tore   the   s t i f fness   mat r ix .  PIRATE i s  based 

on p a r t i t i o n i n g   t h e   s t r u c t u r e  s o  t h a t   t h e   s t i f f n e s s   m a t r i x  i s  ex- 

p l i c i t l y  i n   b l o c k   t r i d i a g o n a l  form. The second  rout ine,  PODSYM, 
i s  b a s e d   e x p l i c i t l y  on the banded na tu re   o f   t he   s t i f fnes s   ma t r ix ,  

so  tha t   on ly   e lements   wi th in   the   lower   t r iangle   tha t   l i e   be tween 

the  semibandwidth  need be assembled.   In   addi t ion,  t h i s  r ou t ine  

20 



"packs" t h e  rows of t h e  s t i f f n e s s   m a t r i x   b e f o r e   w r i t i n g  it on 

a u x i l i a r y   s t o r a g e  by suppressing a l l  consecutive  zeros.  These 

algorithms are p r e s e n t e d   i n   d e t a i l   i n  Sec. 3.7 of t h i s  manual. 

The u n i t   l o a d  stresses are calculated  next   f rom  displacements .  

These stresses a r e   u s e d   t o   c a l c u l a t e  t h e  i n i t i a l   y i e l d   l o a d ,  and 

t h i s  y i e ld   l oad  i s  used to   s ca l e   t he   d i sp l acemen t s  and c a l c u l a t e  

y ie ld   load  stresses and s t r a i n s .   C o n t r o l  i s  then   re turned   to  t h e  

main  program. 

Figure 2 shows t h e  computational  flow of a t yp ica l   sub rou t ine  

PLAS. T h i s  program s u p e r v i s e s   t h e   e n t i r e   p l a s t i c   a n a l y s i s   a f t e r  

i n i t i a l   p rocess ing   has   been   ca r r i ed   ou t  by ELAS. T h e  p r i n c i p a l  

in format ion   tha t  i s  communicated t o  PLAS i s :  

e Fac to red   s t i f fnes s   ma t r ix  and uni t   load   vec tor  

e Element s t r e s s  and i n i t i s 1   s t r a i n   m a t r i c e s  

0 I n i t i a l   y i e l d   l o a d  

e P l a s t i c   m a t e r i a l   p r o p e r t i e s  

W i t h  t h i s  information,  the  load i s  iacremented  and  the  re- 

p e t i t i v e   c a l c u l a t i o n s   t h a t  implement the   i nc remen ta l   so lu t ion   a r e  

performed as   fo l lows:  

0 Add incrementa l   e f fec t ive   p las t ic   load   vec tor   inc luding  

any   cont r ibu t ion  from equi l i3r ium  cor rec t ion   fac tor   to  

scaled  vector   of   appl ied Loads 

Q Solve  for  increments  in  displacemerats  using  the  fac- 

t o r e d   s t i f f n e s s   m a t r i x .  T h i s  involves  only a forward 

and  backward s o l u t i o n  of a t r k n g u l a r   m a t r i x .  



Q 
Inc remen t  L o a d  

I 
Add i n c r e m e n t a l  
p l a s t i c   l o a d   v e c t o r  
t o   s c a l e d   p e r m a n e n t  
l o a d   v e c t o r  

I 
S o l v e  for i n c r e m e n t s  
o f  d i s p l a c e m e n t s  
[K] {Ad) = {Ap} + {AQ} + R 

~~ 

I S u b r o u t i n e  S I C R E M  s u p e r v i s e s  
r e a d i n g   s e q u e n t i a l   a u x i l i a r y  

e l e m e n t   s t r e s s e s ,   t o t a l  
s t r a i n s ,   e t c .   a n d  ca l cu1 ;1 t . c s  
i n c r e m e n t s  i n  stress, s t l l : ~ i ~ ~ ,  
a n d   o t h e r   p e r t i n e n t   q u a n t i -  
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i n g   t h e   e q u i l i b r i u m   c o r r e c -  

( t i o n   f a c t o r .  T o t a l   q u a n t i t i e s  
a re  formed  by summing i n c r e -  

CALL SICREM I s t o r a g e   d e v i c e s   c o n t a i n i n j :  

Read new v a l u e s  

a d d i t i o n a l   l o a d   c y c l e  
q u e s t e d .  a n d   d e t e r m i n e  i f  a n  
s t r e s ses ,  s t r a i n s  i f  re- for l o a d   i n c r e m e n t  
m e n t a l   q u a n t i t i e s .   P r i n t  

i s  d e s i r e d  

c 

R e t u r n  
c y c l e ?  t o  main 

No New ;::_::I Yes CALL CYCLE C a l c u l a t e   s t r e s s e s  ar,d "zero" s t r a i n s   l o a d  a n d  Ais- 

p l a c e m e n t s .   F i n d  new c r i t i c a l  
load a n d   c a l c u l a t e  new c;- i l ; ical  
l o a d   s t r e s s e s   a n d   s t r a i n s .  

. A  
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0 Read to t a l   d i sp l acemen t s  from d i s c   s t o r a g e  and  add d i s -  

placement  increments  to form  updated t o t a l   d i s p l a c e -  

ments. Write r e s u l t s  on d i sc   s to rage .  Read t o t a l   e l e -  

ment (or  nodal) s tress,  s t r a i n s ,  p l a s t i c  s t r a i n s   ( s h i f t  

i n   t h e   y i e l d   s u r f a c e  when kinematic  hardening i s  used) 

from disc   s torage .   Calcu la te   e lement   (or   nodal )   incre-  

ments  of t o t a l   s t r a i n ,   s t r e s s ,   e t c . ,   c h e c k   y i e l d  c r i -  

te r ion   for   p rev ious ly   e las t ic   e lements   (nodes)  and  un- 

l oad ing   cond i t ion   fo r   e l emen t s   cu r ren t ly   i n   t he   p l a s t i c  

r ange ,   imp lemen t   p l a s t i c   cons t i t u t ive   r e l a t ions  and  form 

e f f e c t i v e   p l a s t i c   l o a d   v e c t o r .  Sum t o t a l   q u a n t i t i e s  

w i t h  ca lcu la ted   incrementa l   quant i t ies   and   wr i te  on d i s c  

s t o r a g e   t o  be  used as   input   for   the   next   increment  of 

load. 

8 Repeat  the  above i f   t h e  maximum load  has  not  been 

reached. 

When the  maximum load i s  r e a c h e d ,   t h e   f i n a l   e f f e c t i v e   p l a s t i c  

load  vector  i s  formed  and  saved. A t  t h i s  po in t ,  a check i s  made 

t o   s e e   i f   a n o t h e r   c y c l e  of loading i s  d e s i r e d .   I f   n o t  , c o n t r o l  

i s  r e tu rned   t o   t he  main  program. I f  an  addi t ional   cycle   of   load-  

ing  i s  s p e c i f i e d ,  new p la s t i c   ma te r i a l   pa rame te r s   can  be  read  as 

input   and   inser ted   in to   the   mater ia l   p roper ty   t ab les .   Disp lace-  

ments a r e   t h e n   c a l c u l a t e d  w i t h  t h e  appl ied   load   vec tor   se t   equa l  

t o   z e r o .   S t r e s s e s   a n d   s t r a i n s   a r e   c a l c u l a t e d  on the   bas i s  of  

these  displacements .   I f   subsequent   yielding  occurs   in  t h e  r e -  

v e r s e d   c y c l e   a t  a l o a d   t h a t  i s  oppos i te   in  sign to   the   load   pre-  

viously  computed,   then  these  s t resses   and  s t ra ins   represent   re-  

s i d u a l   q u a n t i t i e s .  T h i s  i s  checked  next by computing a new y ie ld  

load. T h i s  ca l cu la t ion   i nvo lves  t h e  s o l u t i o n  of a quadra t ic  

equat lon  for   each member. One r o o t   o f .  t h i s  so lu t ion   r ep resen t s  

23 



t h e  previously  reached maximum l o a d   i f   n o  new p l a s t i c   m a t e r i a l  

p rope r t i e s  were inpu t ,  and  the  other   represents  t h e  new y i e l d  

load   i n   t he   r eve r sed   d i r ec t ion .  T h i s  l oad   l eve l  i s  used  as  a 

s t a r t i n g   p o i n t   f o r  t h e  nex t   cyc le  of  loading. The e f f e c t i v e  

p l a s t i c   l oad   vec to r  i s  then   added   to   the   appl ied   load   vec tor ,  

and  the sum i s  u s e d   t o   s o l v e   f o r  t h e  new c r i t i c a l  load   d i sp lace-  

ments  and the   co r re spond ing   s t r e s ses  and s t r a i n s .   T r a n s f e r  i s  

then made to  the  beginning  of P U S  i n   o r d e r  t o  increment  the  load 

and  proceed as descr ibed  previously.  

2 . 3  Combined Mate r i a l  and  Geometric  Nonlinear  Analysis - 
For combined m a t e r i a l  and  geometric  nonlinear  analysis  sever- 

a l  m a j o r   a l t e r a t i o n s   i n   t h e  program  flow must  be made because  the 

convected  coordinate   approach  to   the  solut ion of geometric  non- 

l i n e a r  problems  requires  the  reformation of t h e   s t i f f n e s s   m a t r i x  

dur ing   the   incrementa l   so lu t ion   process .  T h i s  flow i s  presented 

i n  F i g .  3 .  As' shown i n  t h i s  i l l u s t r a t i o n ,  no d i s t i n c t i o n   c a n  be 

made between  an ELAS and a PLAS a s   b e f o r e .  The main  program  con- 

t rols   the  f low  previously  supervised by ELAS and PLAS. Now the re  

i s  a s p e c i a l   r o u t i n e  t o  i n i t i a l i z e   s t r e s s e s ,   s t r a i n s ,   e t c . ,  where- 

a s   p r e v i o u s l y   a l l   q u a n t i t i e s   w e r e   i n i t i a l i z e d   t o  be  the  yield  load 

s t resses ,   s t ra ins ,   acd  displacements .   Aside  f rom t h i s  d i s t i n c t i o n  

the  f low  of  both  analyses i s  s i m i l a r .  Now for   the  geometr ic  non- 

l i nea r   ana lys i s ,   a f t e r   an   i nc remen t  of  load  has  been  applied,   in- 

crements of displacement  are  calculated  and  the  geometry i s  up- 

dated.   Subroutine SRAIN i s  then   ca l l ed .  T h i s  subrout ine  super-  

v i s e s   t h e   e l a s t i c - p l a s t i c   c a l c u l a t i o n s .   I n   a d d i t i o n   t o   c a l c u l a t i n g  

the   e l emen t   s t r e s ses ,   s t r a ins ,   e t c . ,   u s ing   t he   appropr i z t e   s t r e s s -  

s t r a i n   r e l a t i o n s ,   t h e   e l e m e n t   s t i f f n e s s   m a t r i c e s  and  mechanical 

load  vector  are  updated  because  of  the,geometry  changes and the 
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Read I n p u t  

s t r e s s e s - s t r a i n s  
d i s p l a c e m e n t s   a n d  write 
t h e m   o n   a u x i l i a r y  s t o r a g e  

I 
Form element 
s t i f f n e s s  
ma t r i ces  

I 

1 

Assemble 
t o t a l  
s t i f f n e s s  
matr ix  

I 

1 
So lve   fo r  
displacement 
increments 

I 
I 

Read t o t a l   d i s p l a c e m e n t s  
from a u x i l i a r y   s t o r a g e  
and sum w i t h  d i s p l a c e -  
men t   i nc remen t s .  Write new 
t o t a l   d i s p l a c e m e n t s   o n  
a u x i l i a r y   s t o r a g e .  

I 

I 
Update   geometry  

Cal l  SRAIN 

" F o r m   u p d a t e d   l o a d  
v e c t o r  

I Yes 

I 

R e t u r n  

Is  

m a t r i x   t o  b e  

mater ia l  p r o p e r t i e s  
i f  d e s i r e d .  Reve r se  

-7 l o a d   i n c r e m e n t  

Subroutine S R A I N  supe rv i se s   t he  
ca l l i ng   o f   app ropr i a t e   e l emen t  rou- 
t i n e s   t o   c a l c u l a t e   i n c r e m e n t s   o f  
s t r e s s ,   s t r a i n ,   a n d   o t h e r   p e r t i n e n t  
q u a n t i t i e s .  The p l a s t i c i t y   c o n s t i -  
t u t i v e   r e l a t i o n s  are implemented 
and t h e   e l e m e n t   s t i f f n e s s   m a t r i c e s  
updat.ed  and s t o r e d  on auxiliary 
s torage .  The e f f e c t i v e   p l h s t   i c  
l oad  i s  formed,  including  the equi- 
librium cor rec t ion   f ac to r .  
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p r e s e n c e   o f   i n i t i a l  stresses. T h e s e  q u a n t i t i e s  a r e  s t o r e d  on 

aux i l i a ry   s to rage   dev ices   and   con t ro l  i s  r e t u r n e d   t o  t h e  main 

program. The  new inc remen ta l   l oad   vec to r ,   i nc lud ing   p l a s t i c  and 

geometr ic   e f fec ts  as well as t h e  "equi l ibr ium  cor rec t ion ,"  i s  

then  formed. If t h e  maximum load has  no t   been   reached ,   cont ro l  

r e t u r n s   t o   p o i n t  A or  B i n  t h e  flow  depending  upon w h e t h e r  

t h e   s t i f f n e s s   m a t r i x  i s  to   be   updated   and   re fac tored .   I f  t h e  

maximum load   fo r  t h i s  load  sequence h a s  been  reached new p l a s t i c  

m a t e r i a l   p r o p e r t i e s  (and  possibly a new load   vec to r )   a r e   r ead  and 

the  new load  increment i s  ca l cu la t ed .   Fo r   r eve r sed   l oad ing   t he re  

can be  no e l a s t i c   s c a l i n g   t o  t h e  nex t   y i e ld   l oad   s ince  t h e  geome- 

t r y  changes make the  unloading a nonlinear  problem.  Consequently 

the  load  sense i s  reversed,  and t h e  load i s  incremented  to t h e  new 

minimum load. 

3 .  THEORETICAL APPROACH 

T h i s  s ec t ion   desc r ibes  t h e  t h e o r e t i c a l   b a s i s   o f  t h e  programs 

of the  PLANS system.  Included  in t h i s  s e c t i o n   a r e  t h e  formula- 

t i o n  of   the  governing  matr ix   equat ions  that   account   for   mater ia l  

and  geometr ic   nonl inear   behavior ,   the   descr ipt ion  of  t h e  p l a s -  

t i c i t y   t h e o r y  implemented i n  t h e  programs,  and some computational 

a s p e c t s  of t h e  programs. Much of t h e  m a t e r i a l   i n  t h i s  s e c t i o n  i s  

e x p l a i n e d   i n   g r e a t   d e t a i l   i n   t h e   a u t h o r s '   p r e v i o u s  NASA con t rac to r  
repor t s   (Refs .  6 ,  8 ,  and 30), and s o  t h e  d i s c u s s i o n   i n  t h i s  sec-  

t i o n  h a s  been r e s t r i c t e d  t o  a review  of t h e  h i g h l i g h t s .  T h e  

above-mentioned  reports may be r e f e r r e d   t o   f o r   a d d i t i o n a l   d e t a i l s .  
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.3 .1  Governing Matrix Equations 

The approach  used by the   au tho r s   i n   s eve ra l   i nves t iga t ions ,  

spanning a number of y e a r s ,   f o r   t h e   p l a s t i c   a n a l y s i s  of s t r u c t u r e s  

(Refs. 6 ,  8 ,  9 ,  10,  2 6 ,  and 30), incorpora tes  t h e  i n i t i a l   s t r a i n  

concept   for   the   t rea tment  of material   nonlinear  behavior  and  the 

incremental  moving coordinate   formulat ion  for  t h e  treatment  of 

geometric  nonlinear  behavior.  A s  s u c h ,  t h i s  i s  the  approach i m -  

plemented i n   t h e  programs  of  the PLANS system. An extensive  pre-1 

s e n t a t i o n  of t h e  governing  equations  for t h i s  approach i s  pre- 

sented i n  Ref. 8 and for  completeness i s  reviewed  below. 

and i s  some i n i t i a l   s t r e s s   s t a t e ,   t h e n   t h e   m a t r i x   e q u a t i o n  

governing  the  nonlinear  response of a s t r u c t u r a l   f i n i t e   e l e m e n t  

t o  some a rb i t r a ry   i nc remen t  03 loading  can  be  wri t ten  as   (Ref .  26) 

i j  

where 

[ko]  = convent iona l   s t i f fness   mat r ix   ob ta ined  from the 

l i n e a r  component of the   s t ra in-d isp lacement   re la -  

t i o n s  
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[kl] = geometr ic   s t i f fness   matr ix ,   formulated  f rom t h e  

nonl inear  terms of t h e  s t ra in-d isp lacement   re la -  

t i o n s .  It can  be  considered  as   an  addi t ional  

component  of t h e   s t i f f n e s s  matrix t h a t  accounts 

f o r   t h e   e f f e c t   t h a t  t h e  presence of i n i t i a l  

s t r e s s e s  have on subsequent  deformations.  

c APo 1 = increments of genera l ized   nodal   forces  

(AQ,} = i nc remen t s   o f   t he   e f f ec t ive   p l a s t i c   l oad .   I f   an  

assumption i s  made  on the p las t ic  s t r a i n   d i s t r i b u -  

t ion  within  the  e lement   then (AQo}  = [ k  ] [AeO) ,  
* 

where 

[k*] = i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x   u s e d   t o   a c c o u n t  

for   the  presence of i n i t i a l   s t r a i n s ,  and r e f l e c t s  

t h e  assumed d i s t r i b u t i o n  of   both  the  total   and 

p l a s t i c   s t r a i n s   w i t h i n  t h e  element 

{Ace] = increments   of   nodal   or   e lement   plast ic  s t ra in  

(R,} = vec to r  of r e s i d u a l   f o r c e s  t h a t  may ex is t   because  

of equilibrium  imbalance a t   t h e  end of the  pre- 

vious  load  increment , 

and 

P 
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Equation (2) i s  der ived by using a moving coordinate  system 

f ixed   t o   t he  body. It i s  va l id   fo r   l a rge   e l a s t i c -p l a s t i c   de fo rma-  

t ions ,   p rovided   the   appropr ia te   nonl inear   t e rms  are r e t a i n e d   i n  

the   s t ra in-d isp lacement   re la t ions  and t h e   t o t a l   s t r a i n   i n c r e m e n t  

can  be  simply decomposed i n t o   e l a s t i c  and p l a s t i c  components. 

Additionally,   proper  transformations  from t h e  p rev ious   t o   cu r ren t  

coordinate  systems  must be used s o  t h a t  the   changes   in   o r ien ta-  

t i o n  and volume of  the  elements  are  accounted  for  (Refs.  26 and 

2 4 ) .  I n  i t s  usage  herein,   considerat ion i s  r e s t r i c t e d   t o   s m a l l  

s t ra in ,   moderate   rotat ion  problems.  

3 .2  Solution  Procedures 

3.2.1  Small  Deflection  Problems  (Material  Nonlinearity  Alone) 

T h e  matrix  formulation  presented i n  E q .  ( 2 )  i s  used   for  t h i s  

case w i t h  the  [kl] matr ix   de le ted .  The indiviaual   e lement  

s t i f f rLess   ma t r i ces  and load  vectors   are   assembled  to  form the 

g l o b a l   s t i f f n e s s   m a t r i x .  Boundary condi t ions and s i n g l e  and 

mul t ipo in t   cons t r a in t   cond i t ions   a r e   r eccgn ized   a t  t h i s  s tage  and 

accounted  for   a t   the   e lement   level ,   thereby  removing  any  fur ther  

considerat ion  of   these  condi t ions on the  larger  assembled  coef- 

f i c i e n t   m a t r i c e s .  A t  t h i s  s tage we have 

Here the   superscr ip te  i and i+l r e f e r   t o   t h e   c u r r e n t  and 

nex t   l oad   s t ep .   S ince   t he   exac t   va lues   o f   t he   p l a s t i c   s t r a in  i n -  
crements  for t h e  next   load   s tep   a re   no t   knmn,  we make use  of 

29 



values  from t h e  c u r r e n t   s t e p .  The equi l ibr ium  cor rec t ion  i s  

based on t o t a l   e q u i l i b r i u m  a t  t h e  end  of t h e  cu r ren t   l oad   s t ep  

and i s  used  in   every  increment .  Note t h a t  t h e   s t i f f n e s s   m a t r i x  

need  never be reformed a f t e r  the  f i r s t  increment  since  the non- 

l i n e a r i t i e s   a p p e a r  as a component t o   t h e   l o a d   v e c t o r .  Conse- 

quen t ly ,   t he   s t i f fnes s   ma t r ix   can  be f ac to red  once f o r   t h e   i n i -  

t i a l  load  s tep and  used  repeatedly  throughout  the  incremental  

so lu t ion .  A s ign i f i can t   r educ t ion   i n   so lu t ion   t ime   ( f ac to r s  of 

3 t o  2 1 )  have  been real ized  depending on the   s ize   o f   the  

problem  and  the  bandwidth  using  the  previously  factored  coeffi-  

c i en t   ma t r ix .  The solution  procedure i s  as   fo l lows .  

A spec i f ied   "uni t "   load  i s  a p p l i e d   t o  t h e  s t r u c t u r e  and cor -  

responding   s t resses   and   s t ra ins   a re   de te rmined .   S ince   the   re -  

sponse i s  l i n e a r  up t o  i n i t i a l   y i e l d ,  a c r i t i c a l   l o a d   f o r  w h i c h  

p l a s t i c   d e f o r m a t i o n   f i r s t   o c c u r s   a t  a node (or  element)  can  be 

ca l cu la t ed  f rom  the   un i t   l oad   s t r e s ses .  From t h i s  l eve l   t he   l oad  

i s  incremented t o  a maximum value w i t h  new increments of d i s -  

p l a c e m e n t ,   p l a s t i c   s t r a i n  and s t r e s s   c a l c u l a t e d   a t  each  step.  

Tota l   va lues   a re   ob ta ined  by summing incremental   values.  

I f   the   load  i s  reversed   for  a c y c l i c   a n a l y s i s ,  new ma te r i a l  

p rope r t i e s   da t a  may be read i n  a t  t h i s  po in t .  A new c r i t i c a l  

load   for  w h i c h  yielding  begins  i n  t he   r eve r se   d i r ec t ion  i s  c a l -  

culated,   based on e l a s t i c   u n l o a d i n g   t o  t h i s  point.   Procedures 

for   determining t h i s  l aad   and   in i t ia l   y ie ld   load   a re   p resented  

in   Re f s .  6 and 8. T h e  c r i t i ca l   l oad   fo r   r eve r sed   l oad ing  may 

occur  before a l l   t h e   i n i t i a l   l o a d  i s  removed because  of  the  pre- 

s ence   o f   r e s idua l   s t r e s ses  and the   ex is tence  of the  Bauschinger 

e f f e c t .  The load i s  then  incremmted from the new c r i t i c a l   v a l u e  

t o  a spec i f i ed  maximum (minimum) value.  T h i s  procedure i s  r e -  

peated   for   as  many ha l f   cyc les  as des i red .  
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3.2.2 Combined Mate r i a l  and  Geometric  Nonlinearity 

Again the  formulat ion  presented i n  Eq. (2)  i s  employed. The 

load i s  appl ied   in   smal l   increments   f rom  the   in i t ia l   un loaded  

s t a t e .  A t  t he  end of each  increment,  new increments of de f l ec -  

t i o n ,   s t r e s s ,   t o t a l   s t r a i n ,  and p l a s t i c   s t r a i n   a r e   c a l c u l a t e d .  

T o t a l   q u a n t i t i e s  are summed and  appropriate  transformations  from 

previous   to   cur ren t   geometry   a re   used   to   ca lcu la te   such   quant i -  

t i e s   a s   t h e   i n i t i a l   s t r e s s e s ,  . The geometry of t h e  s t r u c -  

t u r e  i s  updated   in   each   s tep .  Again t h e   p l a s t i c   s t r a i n   i n c r e -  

ments   used   for   the   next   s tep   a re   those   ca lcu la ted   a t   the  end of 

t he   cu r ren t   s t ep .  

'ij 

Now the  element  contributions  are  assembled  and  the  system 

of l inear   incrementa l   equa t ions  i s  so lved   for  t h e  next   load  incre-  

ment.   For  the  large  deflection  problem,  the most  time-consuming 

f e a t u r e  i s  the  reassembly  of   the  s t i f fness   matr ix  i n  every   incre-  

ment,   and  the  necessity of resolving  the  equat ions.  To minimize 

t h i s  time-consuming  feature i t  becomes conven ien t   t o   t r ea t   t he  

l a rge   de f l ec t ion   t e rms   a s   e f f ec t ive   l oads  and not  reform  the 

s t i f f n e s s   m a t r i x  [ko] in  every  increment  (Ref.  2 6 ) .  We can  then 

r ewr i t e  E q .  ( 2 )  a s  

i+l 1 i+ 1 
= - [k ](nu ) i  + (;\Po) 

0 + (aQoIi + ( R o l i  

Now the  product of the   geometr ic   s t i f fness  times t h e   c u r r e n t   d i s -  

placement  increment i s  t rea ted   as   an   "e f fec t ive   load ."  T h i s  i s  

less   accura te   than   the   " tangent  modulus'' formulation b u t  the 
1 1  equi l ibr ium  cor rec t ion"   p revents   excess ive   d r i f t ing  of the  solu-  

t i o n .  The s t i f f n e s s   m a t r i x  [kO] i s  updated  every M steps 

(M 2 1) where M i s  input  by the   u se r .   Add i t iona l ly ,   i f   l a rge  

n o n l i n e a r i t i e s   o r   i n s t a b i l i t y   a r e   a n t i c i p a t e d  by  the  user ,  he may 
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s w i t c h  t o  t h e  tangent  modulus  approach fo r   geomet r i c   non l inea r i ty  

a t  any   po in t   i n  t h e  a n a l y s i s .   A f t e r  t h i s  s p e c i f i e d   l o a d ,  t h e  

s t i f f n e s s  matrix [k] = [k ] + [kl] i s  reformed  and  resolved  for 

every  increment of load.  

0 

The so lu t ion   p rocess  i s  r e p e a t e d   u n t i l  t h e  maximum s p e c i f i e d  

load i s  r e a c h e d   o r   s t r u c t u r a l   f a i l u r e   o c c u r s .   I f   c y c l i c   l o a d i n g  

i s  s p e c i f i e d ,  t h e  load  increment i s  reversed  a t  t h e  maximum load 

(a  new magnitude may be  input)  , new m a t e r i a l   p r o p e r t i e s   d a t a   a r e  

r ead ,  as w e l l  as new values   of  M and t h e  c rossover   load   for  

tangent  modulus t rea tment   o f   geometr ic   nonl inear i t ies .  The i n -  

cremental   process i s  then   r epea ted   un t i l  t h e  new  maximum (mini- 

mum) load i s  reached  and t h e  procedure i s  r epea ted   fo r  as many 

load  cycles  as d e s i r e d .  

3 . 3  P l a s t i c i t y   R e l a t i o n s  

T h i s  s ec t ion   cons ide r s   app ropr i a t e   i nc remen ta l   p l a s t i c i ty   r e -  

l a t ions   t o   de t e rmine   va lues   o f  s t ress  and p l a s t i c   s t r a i n   d e v e l o p e d  

during t h e  h i s t o r y  of  loading.  In PLANS use i s  made of H i l l ' s  

y i e l d   c r i t e r i o n   ( R e f .  3 3 ) ,  f o r   a n   o r t h o t r o p i c  mater ia l ,  w h i c h  re-  

duces  to   the von Mises   y i e ld   cond i t ion   fo r   i so t rop ic   ma te r i a l s ,   t o  

p r e d i c t   i n i t i a l   y i e l d  and  obtain t h e  f low  ru les  of p l a s t i c i t y .  

The  capabi l i ty   o f   handl ing   bo th   s t ra in   hardening   and   idea l ly  

p l a s t i c   behav io r  i s  inc luded   i n   t he  program. 

3 . 3 . 1  Matrix  Relat ions - Strair,  Hardening 

We can ,   fo r  small s t r a i n   i n c r e m e n t s ,  decompose t h e  t o t a l  

s t r a in   i nc remen t   (AeT] .   i n to  elast.8c (nee ]   and   p l a s t i c  (A€} 

components, a s  
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The e l a s t i c   s t r a i n   i n c r e m e n t s   a r e   r e l a t e d   t o  t h e  s t r e s s   i n c r e -  

ments [Aa) by 

where [E]-' is  an   a r r ay  whose elements  are  combinations  of 

e l a s t i c   m a t e r i a l   c o n s t a n t s .  

A l i n e a r   i n c r e m e n t a l   c o n s t i t u t i v e   r e l a t i o n   b e t w e e n   p l a s t i c  

s t r a i n s  and s t r e s s e s   c a n   b e   w r i t t e n  from a l l  of the  popularly 

used  flow  theories of p l a s t i c i t y .  T h i s  r e l a t i o n s h i p   c a n  be 

represented   as  

( A € )  = [ C I C W  (7)  

Therefore ,   subs t i tu t ing   Eqs .  (6)  and ( 7 )  i n t o  E q .  (5) we can  wri te  

where 

[ R l  = [E]'1 + [ C ]  

The elements  of  the  matrix [ C ]  depend on t h e   c u r r e n t   s t a t e  

of s t r e s s ,   y i e l d   c o n d i t i o n ,   f l o w   r u l e ,  and hardening  law. Exam- 

p l e s   o f   t he   exp l i c i t  form of the [ C ]  mat r ix   a re   g iven   in  

Tables 2 and 3 .  In  PLANS the   y ie ld   condi t ion  i s  based on H i l l ' s  
I 

I y i e ld   c r i t e r ion   fo r   an   o r tho t rop ic   ma te r i a l   (Re f .  3 3 ) ,  and the 

hardening law i s  based on the  Prager-Ziegler  kinematic  hardening 

theory  (Refs .  3 4 ,  35, and 36) modif ied  for   or thotropic   mater ia l  

behavior.  Both l i n e a r  and  nonl inear   s t ra in   hardening  opt ions 

a r e   a v a i l a b l e  w i t h  input  parameters  determining  xhich i s  chosen. 

T o  minimize  input  requirements  for  nonlinear  hardening, a Rarnberg- 

Osgood (Ref. 37) r ep resen ta t ion  of t h e   s t r e s s - s t r a i n   d a t a  i s  

used 
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T h u s ,  f o r  t h i s  r ep resen ta t ion  of t h e   s t r e s s - s t r a i n   l a w ,   f o r  

a n   i n i t i a l l y   i s o t r o p i c   m a t e r i a l  two a d d i t i o n a l   m a t e r i a l  parame- 

t e r s  n and oo. a re   r equ i r ed   fo r   t he   p l a s t i c   ana lys i s .   Fo r  a 

Ramberg-Osgood r ep resen ta t ion  of an i n i t i a l l y   o r t h o t r o p i c  mate- 

r i a l   t h e s e  two q u a n t i t i e s   a r e   r e q u i r e d   f o r   e a c h   p r i n c i p a l  mate- 

r i a l   d i r e c t i o n  and for   each of the  shear  components.  For a th ree  

dimensional  problem t h i s  means t h a t   s i x   s e t s   ( t h r e e   f o r   t h e  n o r -  

mal  components  and three  for   the  shear   components)   of   s t ress-  

s t r a i n   d a t a  must  be spec i f i ed .  The f low  ru le  i s  based on 

Drucker' s postulate   (Ref .  38).  

3 . 3 . 2  Matrix  Relat ions - P e r f e c t   P l a s t i c i t y  

The t r ea tmen t   o f   mu l t i ax ia l   e l a s t i c   i dea l ly   p l a s t i c   behav io r  

r equ i r ed   t ha t   t he   fo l lowing   cond i t ions   be   s a t i s f i ed :  

0 The s t ress   increment   vec tor  mus t  be   tangent   to   the 

loading  surface 

e The p l a s t i c   s t r a i n   i n c r e m e n t   v e c t o r  must  be  normal t o  

the  loading  surface,  where the  loading  surface i s  the 

r e p r e s e n t a t i o n   i n   s t r e s s   s p a c e   o f   t h e   i n i t i a l   y i e l d  

func t ion   or   the   subsequent   y ie ld   func t ion   a f te r  some 

plast ic   deformation  has   occurred.  

I f   f ( o .  .) r ep resen t s   t he   y i e ld   su r f ace ,   t he  f i r s t  condi t ion  
=J 

can  be  expressed  analyt ical ly   as  

?f 
a. doiS = 0 , 

i j  
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Table 2 I s o t r o p i c  IC] M a t r i x   f o r   V a r i o u s   S t r e s s   S t a t e s  

PLANE STRESS 

ml symmetric ml = ox - f n  
Y 

m2 = ay - $0, 

m3 = 3 T  

- 2  - - 

[ c l  = m2ml m2 
1 2 - - 

2 
m3ml m3m2 m3 

- 
XY 

3 2  
2 D = - cao , 0 = y i e l d  stress , 0.. = 0 . .  - I . .  

1 J  1J 1J  
- 

y i e l d   f u n c t i o n :  
X Y  XY 0 

u n l o a d i n g   c r i t e r i o n :  mldox + m do + rn dT c 0 
2 Y  3 X Y  

THREE DIMENSIONAL 

2 
ml 

m2ml m2 
2 symnet r ic  

2 
m3ml m3m2 m3 1 [C] = - 
m m  2 

4 1 m4m2 m4m3 4 

m5ml m5m2 m5m3  m5m4 m5 
2 - 

rn5 = 3Txz 

m6 = 3T m6ml m6m2 m6m3 m6m4 m6rn5 "'6 
2 - 

Y Z  

D = - c o  o = y i e l d   s t r e s s  , o . .  = (T - - 
2 0 '  0 I J  i j  i j  

u n l o a d i n g   c r i t e r i o n :  mldax + ?do + m3daz + rn d-r + rh5d-rxz + m6dTyz < 0 
Y 4 X Y  

ONE  NORMAL STRESS - TWO SHEAR COMPONENTS 

ml symmetric ' 2  
m l  = ax 

m2 = 3.: 
XY 

m3 = 3~~~ 

- 

[ C 1  = - m m 1 
2 1  m2 D 

2 - 

n m  2 . 3 1 "3R2 m3 
- 

3 2  
2 0  D = - ca  , no = y i e l d  stress , o i j  = o i j  - r i j  

y i e l d   f u n c t i o n :  f = n2 + 3T2 + 3;;z - at = 0 

unloading cri teri ; :  mldax + m d s  + m3d-rxz < 0 

- 

X x)' 

2 XY 



T a b l e  3 O r t h o t r o p i c  [C] M a t r i x   f o r   V a r i o u s   S t r e s s   S t a t e s  

1 
D [CI = - 

y i e l d   f u n c t i o n :  

PLANE STRESS 

rnl symmetric ml = 2(G+H)ox - 2Ha 
Y 

m2 = ?(F+H)u - 2Hax 

m3 = 4N-r 

1 2 
D rnlm2  m2 [cl = - - 

Y 

m m  1 3 m2m3 3 -  
2 - 

XY 

m4 = -2Fu - - 2Gax 
Y 

" 

y i e l d   f u n c t i o n :  f = (CtH);; + (F+H)a2 - 2Ho u + 2NT2 = 1 

u n l o a d i n g   c r i t e r i o n :  mldax + m do  + m d-r < 0 

Y X Y  XY 

2 y  3 x y  

THREE DIMENS I ONAL 

ml 

T m 2  

2 

m l m 3  

rn lm4 

rnlm5 

m l m 6  

2 
rn2 symmetric 

2 
m2m3 m3 

L 

m2m4 m3m4 rn4 

m2m5  m3m5 m4m5 m5 
2 

m2m6  m3m6  m4m6  rn5rn6 m6 
2 

2 2  
~ = c ( m  2 +rn2+rn3+T+$+T) 2 2 r n 2 m  m6 , 

1 

ml = 2 (G+H) ox - 2Hu - 2Goz 

m2 = 2(F+H)o - 2FoZ - 2Hox 
Y 

m3 = 2(F+G)oZ - 2Gox - 2Fo 

m4 = 4L7 
YZ 

m5 = 4M-rZx 

mb = 4N-r 

Y 

Y 

X Y  

- u i j  - - u i j  - 

u n l o a d i n g   c r i t e r i o n :  mldox + m d o  + m3doZ + m4dTyz  + m5dTzx + m6dTxy < 
2 Y  

G+H = 1/X2 , H+F = l / Y 2  , F"G = 2 

2L = 1 / R  , 2 2M = l / S 2  , 2N = 1 /T  2 

x , y , z  a r e   y i e l d   s t r e s s e s   i n   t e n s i o n   i n   p r i n c i p a l   d i r e c t i o n s  

R , S , T  are  y i e l d   s t r e s s e s   i n   s h e a r   i n   p r i n c i p a l   d i r e c t i o n s  
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and  provides a l i n e a r   r e l a t i o n s h i p  among t h e  components of stress 
increment.  Thus, one of t h e  components may be expressed   in  terms 

of t h e   o t k r s .   I n   m a t r i x   f o r m ,  t h i s  can   be   wr i t ten   as  

where (&I represents  the  independent  stress  components.  

The normali ty   condi t ion  provides  a l i n e a r   r e l a t i o n  among the 

var ious components of t h e   p l a s t i c  st;lra.in increment.  T h i s  condi- 

t i o n  i s  derived  from  the  flow  rule  and  provides a l i n e a r   r e l a -  

t i o n s h i p   i n  w h i c h  each  of t h e  components  of p l a s t i c - s t r a i n   i n c r e -  

ment can   be   wr i t ten   in  terms of  any one  component. T h i s  r e l a -  

t i o n s h i p  may be  represented i n  t h e  following form 

(A€) = [ E I l A 4  (12 1 
a f b  

where [A€) i s  the   independent   p las t ic   s t ra in   increment .  
fb 

The independent  increments of s t ress  and p las t ic  s t r a i n   c a n  

be  combined  and w r i t t e n  as t h e  components of a vec to r ,  (ACO] 

(see  Ref. 8 ) ,  so t h a t  Eqs .  (11) and (12) can be w r i t t e n ,  respec- 

t i v e l y ,  as 

Examples  of  the e x p l i c i t  form  of [c] and [ E ]  are   given i n  

Tables 4 and 5. Combining the  above  equations w i t h  Eqs. (5)  and 

(6) ,  we can  form  the  fol lowing  re la t ion  for   the  independent  

q u a n t i t i e s  
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Table 4 Isotropic [E] and [E] for Various  Stress  States 
n, 

PLANE STRESS 

- 0  -ml -m2 1 0 0  

[El = 

m2 0 0 0 0  1 

L;I.  0 0 , [E] = 0 1 0 
1\, 

L 

m2 = 3.r / ( u x  - + u y )  
XY 

THREE D I M E N S I O N A L  

[E ]  = 

0 I -m2 

I 

0 '  

3 '  

3 1  

I 

I 

1 ~ 0 0 0 0 0  

0 

\ 

ONE NORMAL STRESS - TWO SHEAR COMPONENTS 

[ E j  = 
- 

0 -ml  -m2 

0 1  0 

0 0  1 

ml = 3-cxY/ux 

r 1  0 0 

.\ 

, [ E ]  = m l  0 0 

m 0 0  2 

, m2 = 3 r y z / o x  
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T a b l e  5 O r t h o t r o p i c  [E] and  [ E ]  f o r   V a r i o u s   S t r e s s   S t a t e s  
,L 

PLANE STRESS 

THREE DIMENSIONAL 

1 ' 0  
I 

m 1 = (G+H)u~ - 

m3 = ( (F+G)u~ 

m 5 = 2rn7xz/rnl 

o o o c  

m4 

m5 ; 
m '  6 1  \ 

H~ - G U ~  ; m2 = :' ( F + H ) ~  - ~ c r ~  - ~ 0 ~ )  ,, / ml 
Y Y 

- Gux - F U  ) / m l  ; m4 = 
Y 

; m6 = 2N-r7 /ml 
32 

x , y , z  a r e  y i e l d  stresses i n   t e n s i o n   i n   p r i n c i p a l   d i r e c t i o n s  

R,S ,T a re  y i e l d  stresses i n   s h e a r   i n   p r i n c i p a l   d i r e c t i o n s  
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These r e l a t i o n s   a r e   u s e d  w i t h  H i l l ' s  y i e l d   c r i t e r i o n   f o r   i n i -  

t i a l l y   o r t h o t r o p i c   b e h a v i o r  which  reduces  to   the von Mises  yield 

c r i t e r i o n   f o r   i n i t i a l l y   i s o t r o p i c   m a t e r i a l s .  

3 . 4  Hardening  Coeff ic ienr  

One of   the  unresolved  quest ions  in  t h e  use  of  the  kinematic 

hardening  theory of p l a s t i c i t y   ( R e f s .  3 4 ,   3 5 ,  and 36) i s  the  

d e f i n i t i o n  of t he   ha rden ing   coe f f i c i en t ,  c ,  (appear ing   in  [ C ] ,  

Tables 2 and 3)  u n d e r   m u l t i a x i a l   s t r e s s   s t a t e s .  T h i s  i s  espe- 

c ia l ly   t rue   for   p roblems  involv ing   nonl inear   hardening   under  

cyc l i c   l oad ing .   Seve ra l   de f in i t i ons  have  been  proposed by the 

cur ren t   au thors   (Refs .  6 and 8 )  and s u c c e s s f u l l y   u s e d   f o r   i n i -  

t i a l l y   i s o t r o p i c   m a t e r i a l   b e h a v i o r .  An extension  of t h i s  d e f i -  

n i t i o n   f o r   i n i t i a l l y   o r t h o t r o p i c   b e h a v i o r   b a s e d  on Hill's y i e l d  

cr i ter ion  has   been  recent ly   proposed  (Ref .  3 9 ) .  

Before  discussing t h e  h a r d e n i n g   c o e f f i c i e n t ,   l e t  u s  f i r s t  

rewr i te   the   bas ic   equa t ions   requi red   for  a p l a s t i c   a n a l y s i s   u s i n g  

kinematic  hardening. 

F i r s t ,  we need a y i e ld   cond i t ion  

f ( o . . )  = 0 
1J  

Hill 's  y i e l d   c r i t e r i o n   f o r   o r t h o t r o p i c   m a t e r i a l s   ( R e f .  3 3 ) ,  

which reduces   to   the  von Mises y i e l d   c o n d i t i o n   f o r   i s o t r o p i c  

ma-ter ia ls ,  i s  used i n  PLANS 

f = F ( 5  - oZ> + G ( Z z  - ox) + H(Zx - - 2  oy) 
- 2   - 2  

Y 

+ ~ L T ~  + 2 E 2  + 2NT2 = 1  
YZ zx XY 

where 
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- =  G+H 2L = 
X* 

1 - = H+F 2M = 
Y2 

" 

Z2 
- F+G 2N = 

Here 
s h i f t  i n  t h e  y ie ld   sur face   and  X , Y , Z  

% - 'ij 
- -01 i j  w i t h  aij being 

t e n s i o n   i n  t h e  p r i n c i p a l   d i r e c t i o n s   o f  

1 

R2 
- 

1 

S 
2 
- 

1 - 
T2 

t h e  components  of t h e  

are t h e  y i e l d  stresses i n  

orthotropy  and  R,S,T are 

t h e   y i e l d   s t r e s s e s   i n  shear w i t h  r e s p e c t   t o   t h e   p r i n c i p a l   a x e s .  

F o r   i n i t i a l l y   i s o t r o p i c  materials t h i s  r e d u c e s   t o  t h e  f a m i l i a r  

von Mises y i e l d   c o n d i t i o n  

+ 3r;* + 3T2 + 3 T z x  -2 - Oo 2 = 0  
XY YZ 

w i t h  cro e q u a l   t o  t h e  i n i t i a l   y i e l d   s t r e s s  i n  t ens ion .  

S t ab i l i t y   r equ i r emen t s   fo r   u se  of H i l l ' s  form  of t h e  y i e l d  

s u r f a c e ,   i . e . ,   e n s u r i n g   t h a t  i t  remains a "c losed   e l l i p so ida l "  

s u r f a c e ,   r e q u i r e  t h a t  t h e  f o l l o w i n g   c r i t e r i a  must a l so   be  sa t i s -  

f i e d  by t h e  y i e ld   s t r e s ses   (Re f .  40) 

FllF22 - F12 > O 
2 

2 
F22F33 - F23 ' 
F33Fll  - F31 > 

2 

where 
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1 1 1 " .  
F1l x2 ' F22 y2 ' F33 - z2 

" . - " - 

I f  Eq. (18) i s  n o t   s a t i s f i e d   b y   t h e   y i e l d  stresses then some o t h e r  

y i e l d   c r i t e r i o n  must  be  chosen  (see  Ref. 40 ,  f o r  example)  and imple-  

mented in   t he   code .  This occurs   f requent ly   for   composi te  materials. 

The flow ru le   u sed   i n  PLANS i s  based on Drucker 's   postulate  

(Ref. 38) 

P ;?f dEij = dh - aoi 

where dh i s  a posi t ive  scalar   quant i ty .   For   kinematic   hardening 

i t  i s  given by 

1 d h  = - 
C 

and c i s  the   hardening   coef f ic ien t   to   be   def ined .  The inc re -  

men ta l   sh i f t   i n   t he   y i e ld   su r f ace   da  i s  assumed t o  be along 

a r a d i a l   l i n e   t h r o u g h   t h e   c e n t e r  of   the   y ie ld   sur face   as   pos tu-  

l a t ed  by Ziegler  (Ref. 3 0  

i j  
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In   eva lua t ing  t h e  terms of E q s .  (19) through (22) f o r  sub- 

s e t s   o f  t h e  n ine   d imens iona l   s t ress   space ,  a l l  terms should  be 

r e t a i n e d   i n   t h e   y i e l d   f u n c t i o n .  Symmetry and s e t t i n g  stresses 

i d e n t i c a l l y   t o   z e r o   s h o u l d  be  done a f t e r   t he   exp res s ions   have  

been  obtained. T h e  r e su l t i ng   expres s ions   a r e  termed  complete 

kinematic  hardening. 

3 . 4 . 1  Kinemat ic   Hardening   Coeff ic ien t   for   In i t ia l ly   I so t ropic  
Mater ia l s  

I f  w e  eva lua te  c f o r  a u n i a x i a l   s t a t e  of s t r e s s  and r e -  

s t r i c t   o u r s e l v e s  t o  i n i t i a l l y   i s o t r o p i c   m a t e r i a l s ,   u s i n g  E q s .  ( 1 9 ) ,  

(20)  , and (17) ,  we g e t  

1 3 dEp 
c 2 do 
”“ - 

I f  we gene ra l i ze   t o  a m u l t i a x i a l   s t a t e  of s t r e s s ,  we  may 

consider  0 and E’ t o  be e f f e c t i v e   q u a n t i t i e s  o and E 

[ E q .  ( S i ]  where fo r   an   i so t rop ic   ma te r i a l  

% -P 

2 2 2 
-2 { O* - OY) 

I 
o =  ‘\ 2 + i y 2  z, I + t Z  2 )  X\ 

O - 0  0 - 0  

+ 3 T 2  + 32;x + 32 2 
YZ *Y 

and 

d:’ = d2/3  dEijdeij P P  

4 3  
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Note t h e  d i f f e r e n c e   i n   d e f i n i t i o n  of t h e  " 'effect ive stresses,"' 
.-u 

0 and t h e  y i e ld   func t ion  of E q .  (17 ) .  

I f  we use a Ramberg-Osgood representa t ion   of  t h e  s t r e s s -  

s t r a i n   c u r v e  and  consider   the  nonl inear   term  to   represent   the 

p l a s t i c   s t r a i n   c o n t r i b u t i o n ,   t h e n  

o r   f o r   l i n e a r   s t r a i n   h a r d e n i n g  

where i s  t h e  tangent  modulus. ET 

Various  methods  of  choosing  an  appropriate  value  for ET/E 

from a s t r e s s - s t r a i n   c u r v e  have  been  suggested  (Ref. 41, for   ex-  

ample). The use   o f   l inear   s t ra in   hardening   can   lead   to   subs tan-  

t i a l   u n d e r p r e d i c a t i o n  of p l a s t i c   s t r a i n s ,   i n   t h e   r a n g e  of s t r a i n  

where the  mater ia l   does   not   have a l i n e a r   s t r e s s - p l a s t i c   s t r a i n  

r e l a t i o n s h i p .   I n   t u r n ,  t h i s  can   l ead   to   se r ious   d i screpancies  

i f   t he   r e sponse  t o  cyc l ic   loading  i s  des i r ed .  

T o  determine  the  values  of n and 0 t h a t   b e s t   f i t   t h e  0.7 
a c t u a l   s t r e s s - s t r a i n   d a t a ,   t h e  method suggested by Ramberg-Osgood 

can  be  used i f   t h e   s t r a i n   r a n g e  i s  su f f i c i en t ly   sma l l .   Fo r  t h i s  

case 

log(17/7) 
log('0. 7"O. 85 1 

n = l +  

The q u a n t i t i e s  0 and 0 a r e   t h e   s t r e s s e s   a t  wh.i.ch 

the  curve  has  secant  moduli of 0.7E and  0.85E,  respectively.  
0.7 0.85 

44 



I f   t h e   s t r a i n  of i n t e r e s t  i s  s u f f i c i e n t l y   l a r g e  s o  t h a t   t h e  pa- 

rameters  as  determined by the   p reced ing   p rocess   do   no t   f i t   t he  

curve well, then a power law r e p r e s e n t a t i o n   t o   f i t   t h e   a c t u a l  

data  can  be  used 

0 
E = E +  pa n 

Now having  determined p and n t o   " b e s t   f i t "   t h e   e x p e r i -  

mental   data,   the  value  of n input  i s  t h a t   c a l c u l a t e d ,  and the 

value of o input  i s  der ived by equating  the  nonlinear  terms 

of E q s .  (27) and (9) , i . e .  , 
0.7 

n-1 

'0.7 = (&j 
For  cyclic  loading  the  problem of how t o  determine c f o r  

l oad   r eve r sa l s   subsequen t   t o   t he   i n i t i a l   l oad ing  i s  even more 

vexing  especial ly   for   nonl inear   hardening.   For   l inear   hardening 

a procedure   for   se lec t ing   the   va lue   o f  c and new y i e l d   s t r e s s e s  

for   succeeding  cycles  i s  suggested i n  Ref. 41 .  For  nonl inear  

hardening i t  i s  des i r ab le  t o  reproduce   the   ac tua l   hys te re t ic  

s t r e s s - s t r a in   cu rves   ob ta ined  from t e s t   d a t a .  Morrow (Ref. 42)  

d e t a i l s   e x t e n s i v e   c y c l i c   t e s t s  on i so t ropic   meta ls  t o  determine 

the   cyc l i c  and h y s t e r e s i s   s t r e s s - s t r a i n   c u r v e s .  He has  found 

tha t   bo th   the   cyc l ic  and hys te res i s   curves  may be wel l   repre-  

sented by a power law s i m i l a r   t o   t h e  Ramberg-Osgood curves.  

Based on h i s  f i nd ings ,  we have incorpora ted   in to  PLANS a harden- 

i n g   c o e f f i c i e n t  f o r  l oad   r eve r sa l s   fo l lowing   t he   i n i t i a l  mono- 

ton ic   loading   def ined   as  
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where we  now def ine  cr t o  be 
Q 

* * * * 2 2 * 

* A 

i j  'ij 
where 0 = 

A 
- 0  i j ,  and  oij i s  t h e   l a s t   v a l u e  of s t r e s s   a t  

the  end of the  previous  loading-range. 

3 .4 .2  Orthotropic  Hardening  Coefficient 

A general izat ion  of   the  def ini t ion  of  c f o r   i n i t i a l l y  

or thot ropic   mater ia l s   based  on Hi l l ' s  y i e l d   c r i t e r i o n  i s  pre- 

sented  in   Ref .  39. The bas i c   h igh l igh t s  w i l l  be  reproduced  here. 

We def ine  c to   be 

1 1  "- 
c c  

- 
X 

af - - 
?0 ox 

X 
2f 

1 + -  
Y 

C 

1 + -  
XY 

C 

af  - 
az z 

xy XY 

2f 

1 
f -  

Z 
c 

1 + -  
C 

YZ 

where 

c =  ai,- - dOX 

x (G+H)2 + Hz + .'] d c z  1 

1 + -  
zx C 

af 7 - 
hz zx 

2f 
zx 

(F+H) 
2 

2 do 
c =  Y 

1 I Y  
(F+H) + H2 + F2'  dcp 
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I II 
(F+G) 2 do 

- z c =  - 
Z [ (F+G) + F + G 1 dEZ 2 2 21 p 

dz 
xy . yz . c = 2 -  c = 2 -  y c = 2 -  

d-c d7 zx 
XY P YZ P zx P 

dyxy dYyZ dYzx 

T h i s  form  reduces t o  t h e  i n d i v i d u a l   u n i a x i a l   s t r e s s - s t r a i n  laws 

a n d   t h e   i n i t i a l l y   i s o t r o p i c  case g iven   i n  Eq.  (23). 

For a l inear   s t ra in   hardening   approximat ion  w e  use 

where ET,, ET,, e t c  . , are  s p e c i f i e d  by t h e  user   for   each  com- 

ponent   direct ibn.   For  a Ramberg-Osgood form of t h e  u n i a x i a l  

s t r e s s - s t r a i n   d a t a  we u s e  

n -1 
P - f  - (F+G+H) -2- x 3n .a,/! 2 / 3  G+H 0 - = -  X 

7E o 
X 0.7 

X J 

n -1 
3n 

Y = Y  
de -,/ 2 / 3  

do 7E 

(F+G+H) "2 

Y Y '0.7 
L Y 
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n -1 

dyp 3n J-2 yz 
dT 7G -c 
y z = y z  2L 

YZ YZ 0.7 
YZ A 

n -1 
P 

- = -  dYZX 3nZx r-1 
dTZx 7 G  zx  Oo7zx 

where 

-2 3 r 2  2 2 
= 2(F+G+H) 1 F(oy - o z )  + G(oZ - ox) + H(ox - 

OY) (32)  

+ 2L-r2 + + 2N-c 2 1  
Y Z  XY I 

i s  t h e  e f f e c t i v e   s t r e s s   f o r   i n i t i a l l y   o r t h o t r o p i c  materials. Now 

nxy o 0.7,' ny' o 0.7y 
component d i r e c t i o n .  

, e t c . ,  are  s p e c i f i e d  by t h e  user   for   each  

n4 

For   cyc l i c   l oad ing ,  w e  de f ine  o t o  be 

* * * * * * 2 2 2 -2 = 
2 (F+G+H) 

F(oy - o Z )  + G(oZ - ox) + H(ox - oy) 
(33) 

*2 J, ,\ 2 
$3 2L-c + ~ M T ~ ~  

YZ 
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I 
.. ~ 

where  

Data f o r   o r t h o t r o p i c   c y c l i c   l o a d i n g  is  s e r i o u s l y   l a c k i n g .   I f   t h e  

representa t ion   g iven   by  Eqs. (33)  and ( 3 4 )  f o r   t h e   e f f e c t i v e  stress 

i s  deemed va l id   then   should   be  set t o  twice the  measured 

mono ton ic   va lue ,   fo r   l oad   r eve r sa l s   a f t e r   t he   i n i t i a l   l oad ing   r ange .  

Addit ional ly ,  a t  t h e  end of each  half-cycle   of   loading new p l a s t i c  

material p r o p e r t i e s  may be  input so tha t   each   hys t e re s i s   l oop  may 

be   accura te ly   represented .  

'0.7ij 

3 . 5  Unload ingCr i t e r ion  

A t  t imes,   due  to   nonproport ional   loading  or   other   reasons,  

local  unloading  occurs  even  though  the  applied  load i s  increas ing .  

The  un load ing   c r i t e r ion ,  w h i c h  i s  checked i n  t h e  program fo r   eve ry  

load  increment,  i s  given by 

af - a0 doij 2 0 for   loading   or   neut ra l   loading  
ij 

for unloading 

The values  of  doij  used i n  t b i s  ca l cu la t ion   a r e   ob ta ined  from 

the   " e l a s t i c "   s t r e s s - s t r a in   r e l a t ions   fo r   t ha t   i nc remen t .  They 

a re   t he   ac tua l   do i j   i f   un load ing  i s  d e t e c t e d .   I f  t h e  unloading 

c r i t e r i o n  i s  not  met,  however, t h e  doij   values  are  determined 

from t h e   p l a s t i c i t y   c o n s t i t u t i v e   r e l a t i o n s .  When unloading i s  
de tec ted  a t  a p o i n t ,   a l l   f u r t h e r  stress and s t r a in   i nc remen t s  

a r e   e l a s t i c   u n t i l   r e l o a d i n g  i s  detected  using  an  appropriate  

y i e l d   c r i t e r i o n .  
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S p e c i f i c   r e l a t i o n s   f o r  t h e  unloading  condi t ion are shown i n  

Tables 2 and 4 .  

3 . 6  Single and Mul t ipo in t   Cons t ra in ts  

It i s  t h e  philosophy  of a l l   t h e  programs of t he  PLANS system 

to   per form a l l  mat r ix   opera t ions  on the   e l emen t   l eve l   r a the r   t han  

on the   assembled   g loba l   mat r ices .   Thus ,   e lement   s t ress  and 

s t ra in   recovery,   load  vector   calculat ion,   and  boundary  and m u l t i -  

po in t   cons t r a in t   ope ra t ions   a r e   ca r r i ed   ou t  w i t h  r e spec t  t o  small  

m a t r i c e s   o r   v e c t o r s   t h a t   r e a d i l y  f i t  in   p r imary   s torage .  In  

t h i s  manner, wi th   the   except ion   of   the   so lu t ion  of t h e   g l o b a l  

s t i f fnes s   equa t ions ,   ma t r ix   ope ra t ions  can be  accomplished  with- 

ou t   t he   a id   o f  a matr ix   package  for   large scale matr ix   opera-  

t i o n s .  

Accord ing ly ,   s ing le   and   mu l t ipo in t   cons t r a in t s   a r e   s a t i s f i ed  

on the   e lement   l eve l   before   assembl ing   the   to ta l   s t i f fness   mat r ix .  

T h i s  can be i l l u s t r a t e d  by f i r s t   w r i t i n g   t h e   e l e m e n t   i n f l u e n c e  

coe f f i c i en t   equa t ion   a s  

where 

( f )  i s  the   vec tor  of nodal   genera l ized   forces  

{ A  } i s  the   vec tor  of nodal   genera l ized   g loba l   d i s -  
g placements 

( E )  i s  some i n i t i a l   s t r a i n   s t a t e  

and [k] , [k*] a re   t he   e l emen t   s t i f fnes s  and i n i t i a l   s t r a i n  

ma t r ices .  
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T h i s  equat ion   can   be   par t i t ioned   in to   an   ana lys i s  set  t h a t  
c o n t r i b u t e s   t o  t h e  t o t a l   s t i f f n e s s   n a t r i x  and a r e a c t i o n  set  t h a t  

con t r ibu te s   on ly   t o  t h e  c a l c u l a t i o n  of   nodal   reac t ion   forces .  

I n  PLANS, t h e  r e a c t i o n  set  f o r   s i n g l e   p o i n t   c o n s t r a i n t s  

a r i s e s  from  fixed node points   or   nodes that a re   g iven  a pre- 

scr ibed  nonzero  general ized  displacement  component. 

Accordingly, Eq. (35) becomes 

where 

con t r ibu te   t o   t he   t o t a l   ma t r ix   equa t ions  w i t h  the  load  vector 

c o n s i s t i n g  of 

and the   r eac t ion   fo rces   a r e  

The above  procedure i s  accomplished  within  the  program  without 

exp l i c i t l y   fo rming  t h e  pa r t i t i oned   ma t r ix  by  making use  of  an 

element   locat ion  vector  t h a t  i s  formed when the  boundary  condi- 

t i o n s   a r e   i n i t i a l l y   s p e c i f i e d .  T h i s  vector  is  of  the  form 
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where the  zeros   appear   for   f ixed  degrees   of   f reedom, n n 

a re   a s soc ia t ed  w i t h  degrees  of  freedom t h a t  a r e   f r e e ,  and -m i 

indicates  an  applied  displacement  component.  

i '  j y  
... 

The use of the  e lement   locat ion  vector  i s  demonstrated sym- 

b o l i c a l l y  by p lac ing   the   vec tor   as  shown below 

n, n -m 
1 j i 

- kll k12 k13 14 

k2 1 k22 k23 k24 

k3 1 k32 k33 k34 

k41 k42 k43 k44 

Then a l l   i n t e r s e c t i o n s  of  the 

d i ca t e   ma t r ix   e l emen t s   t ha t   a r e   i n  
0 ,  -m i 

1 
' I  

0 

n 

n 

-m 

i 

j 

i 

rows  and  columns i n -  

k and  the  intersect ion  of  rr 
0,  -m w i t h  the   n ' s   ind ica tes   mat r ix   e lements   tha t   a re   in  k i r a  
or k . The i n t e r s e c t i o n  of  the n ' s  denotes  elements  in k . a r   a a  
The ind ices   n i ,  n denote   the   ac tua l  row-column loca t ion  i n  the 

t o t a l   s t i f f n e s s   m a t r i x  of the   mat r ix   e lement   to  be assembled.  In 
j 
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p r a c t i c e  however, t h e  t o t a l   s t i f f n e s s   m a t r i x  i s  assembled i n  a 

one d imens iona l   a r ray  so t h a t  ni ,   nj  are used t o   c a l c u l a t e  a 

s t ack ing   i ndex   t o   r e loca te  t h e  mat r ix   e lement   in  t h e  one  dimen- 

s i o n a l   s t o r a g e   a r r a y .  
A 

The v e c t o r   f a  i s  a l so   a s sembled   i n to   t he   t o t a l   l oad   vec to r  

using 2. I n  t h i s  case a l l  e lements   adjacent   to  0 ,  -m a r e   i n  
h i 

f and  those  adjacent   to  ni are i n  f and a r e ,   t h e r e f o r e ,  

added t o   t h e  "nil' th locat ion  of   the  load  vector .  
r a 

The programs  of t he  PLANS system  implement a multipoint  con- 

s t r a i n t   c a p a b i l i t y  of the  form 

N 
g d =  a 6 
i i j  j 

j=1 

where 6: i s  the  i th dependent  degree  of  freedom, a 

p re sc r ibed   coe f f i c i en t s ,  and 6 a r e  a s e t  of independent 

degrees of freedom. 

i j  

j 

(39)  

a r e  

Equation (39) can  be  used  to form a transformation  matrix 

which conta ins   the   per t inent  a i j  and maps the  e lement   displace-  

ment vector  [Ag)  which contains  dependencies t o  a s e t   c o n t a i n -  

ing  only  independent  degrees of freedom. 

Thus , 

from w h i c h  E q .  (35)  becomes 
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where 

Again t h e  procedure i s  accomplished  without   expl ic i t ly   form- 

ing  the  t ransformation  matr ices   or  (?],  [;], [:*]. The loca t ion  

vector  i s  used   as   before   in   conjunct ion  w i t h  a dependency  vector 

and t h r e e   t a b l e s   a s  shown i n   F i g .  4 .  

-0 1 f i x e d  
n .  

n 
j 

O /  
d e p e n d e n c y  -I' di 

Fig .  4 Assembling  with  Multipoint  Constraints 

The dependency  vector   contains   zero  entr ies   for   a l l   indepen-  

dent  displacement  components. A l l  dependent  displacement compo- 

nents   a re   ind ica ted  by a zero i n  the   appropr ia te   loca t ion  i n  2. 

The index i n  Ld poin ts  t o  the I'd ' I t h  l o c a t i o n  of t h ree  

t a b l e s .  The f i r s t   g i v e s   t h e   d e g r e e  of freedom  of  the f i r s t   i n -  

dependent  displacement component i n  E q .  (39)  and the  second  gives 

i 
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i t s  a s s o c i a t e d   c o e f f i c i e n t .  W i t h  t h i s  information,  the  matrix 

e lements   in  [k] assoc ia t ed  w i t h  t h e  dependent  displacements  are 

appropr ia te ly   mul t ip l ied   by  a and  then  assembled  according  to 
i j  

nk i n   t h e  same manner o u t l i n e d   f o r   s i n g l e   p o i n t   c o n s t r a i n t s .  

The  las t  tab le   conta ins   an   index  t h a t  p o i n t s   t o  t h e  l oca t ion  of 

the  a and  ni f o r  t h e  next   independent   pa i r   in  Eq. ( 3 9 ) .  I n  

t h i s  case,   the   assembling  operat ion  cont inues as before .  A zero 

e n t r y   i n d i c a t e s   t h e  end  of t h i s  dependency r e l a t i o n .  

i j  

3 . 7  Equation  Solver 

Two so lu t ion   procedures   a re  employed i n  the PLANS system  for  

solut ion  of   the  matr ix   equat ions.  They a r e   c a l l e d  PIRATE and 

PODSYM. PIRATE uses a solut ion  a lgori thm  based on the  Cholesky 

decomposition scheme and r e l i e s  on the   f ac t   t ha t   t he   ma t r i ces   a r e  

p o s i t i v e   d e f i n i t e  and  symmetric,  and a r e   e x p l i c i t l y   i n   b l o c k  t r i -  

diagonal  form.  Because  the  matrix must be in   b lock   t r i d i agona l  

form, f o r   t h e  most e f f i c i e n t   s t o r a g e   a l l o c a t i o n ,  t h e  matr ix  must  

be p a r t i t i o n e d .  A s  a r e s u l t ,   a l l   t h e   n o d e s  i n  each   pa r t i t i on  

must  be  specified  and a t  any one time a t   l e a s t  one diagonal  and 

one off-diagonal  block  must  be  in  core.  Only the  REVBY module 

of PLANS uses PIRATE because  of  the  t ight  banding  possible i n  

most axisymmetr ic   shel l  and  body of revolution  problems. I n  ad- 

d i t i o n ,   a t   m o s t ,  REVBY cons iders  two dimensional meshes  of e l e -  

ments w h i c h  a r e   r e l a t i v e l y   e a s y   t o   p a r t i t i o n .  A deta i led   de-  

s c r i p t i o n  of  the PIRATE algori thm i s  presented   in  t h i s  s ec t ion .  

The  second  solut ion  procedure,  PODSYM, i s  used   i n   t he   r e -  

maining  modules  of PLANS. T h i s  solut ion  package  requires  t h e  

sys tem  of   mat r ix   equat ions   to   be   banded ,   pos i t ive   def in i te  and 

symmetric. It ,  too,  i s  based on the  Cholesky  a lgori thm  but   s ince 
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t h i s  a lgori thm  requires   only  one row of t h e  m a t r i x   t o  be i n   c o r e  

a t  any  one time, no p a r t i t i o n i n g  i s  requi red .  Node order  must 

be s p e c i f i e d ,  however,  and  should  be  ordered s o  as t o  minimize 

t h e  bandwidth  and  thus  reduce  solution time. A bandwidth  opti- 

mizer i s  a v a i l a b l e   i n   t h e  SATELLITE program  of PLANS f o r   i n p u t  

da ta   checking   and   p lo t t ing .  

3 . 7 . 1  PODSYM - Solution  of Symmetric P o s i t i v e   D e f i n i t e  
Banded Matrix  Equations 

PODSYM solves   the  matr ix   equat ion AX = Y where 

i s  a banded pos i t ive   def in i te   symmetr ic   mat r ix ,  X i s  the  de- 

s i r e d   s o l u t i o n   v e c t o r ,  and Y i s  t h e  known r i g h t   s i d e   ( l o a d  

v e c t o r ) .  PODSYM i s  the  user in te r face   and   superv isory   rou t ine .  

It uses  the  Cholesky  algorithm w h i c h  f a c t o r s   t h e   t o t a l   s t i f f n e s s  

m a t r i x   i n t o  LLT (where L i s  a lower   t r iangular   mat r ix)  and 

then  solves  a p a i r  of t r i a n g u l a r   s e t s  of  equations.  

The  l a r g e   p o s i t i v e   d e f i n i t e  matrices t h a t   o c c u r   i n   p r a c t i c a l  

work ve ry   o f t en   con ta in  a l a rge  number o f   ze ro   en t r i e s  and  the 

program  seeks t o   b e n e f i t  from  the  presence  of  these  elements by 

modifying t h e  standard  Cholesky  formulas 

1 
- 2  
- 

k- 1 
2 

'kk = Akk - L 'kj 

j=1 

and 
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t o   r e a d   i n s t e a d  

and 

c k-1 1 c 'ij'kj 1 ' 'kk 

where p ( i , k )  i s  the   l a rge r  of the   l ead ing   zeros   in   the  i and 

k rows. In  t h i s  manner mul t ip l i ca t ion  by zero  values of 

i s  avoided. A flow c h a r t   f o r  PODSYM is  shown below 
'ij 

The f a c t o r i z a t i o n  i s  c a r r i e d   o u t  by subrout ine QFACT w h i c h  

supe rv i se s   t he   s to rage   and   da t a   s e t   a l l oca t ion  and subrout ine 
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QCHOL which  genera tes   the  lower t r i a n g u l a r  L matr ix .  QCHOL i m -  

plements t h e  Cho lesky   a lgo r i thm  to   f ac to r   t he   pos i t i ve   de f in i t e  

symmetric A matr ix  as the  product  of a lower   t r iangular   mat r ix  

w i t h  i t s  transpose 

A = L L ~  

A s t r a igh t fo rna rd   a rgumen t   e s t ab l i shes   t he   poss ib i l i t y  of  decom- 

p o s i n g   a n y   p o s i t i v e   d e f i n i t e   m a t r i x   i n  t h i s  fashion.  Once L 

h a s  been  obtained, i t  i s  n o t   d i f f i c u l t   t o   s o l v e   t h e   s y s t e m  of 

l inear   equa t ions  AX = Y by c a l c u l a t i n g  Z as   the   so lu t ion   of  

t h e  lower  t r iangular   system LZ = Y ,  and  then X as the   so lu-  

t i o n  of the  upper  tr iangular  system L X = Z .  The forward  solu- 

t i o n  (LZ = Y) i s  accomplished by subrout ines  QFSOL and QFOR 

and t h e  back  solut ion (L X = Z) by subrout ines  QBSOL and QBAC. 

B e f o r e   t h e   c a l l   t o  QBSOL, subroutine REVERS i s  c a l l e d ,  which r e -  

verses   the  rows  of L s o  t h a t   t h e   l a s t  row becomes t h e   f i r s t  

row, e t c .  T h i s  i s  accompl ished   in   o rder   to   sequent ia l ly   access  

LT during  the  back  solution. 

T 

T 

The above algori thm i s  noteworthy  for i t s  a s s u r e d   s t a b i l i t y  

and   genera l   e f f ic iency .  It i s  poss ib l e   t o   ca r ry   ou t   an   e r ro r  

ana lys i s   o f   the   p rocedure   as  i t  i s  represented on a d i g i t a l  com- 

puter .  Such a n a l y s i s  shows t h a t  t h e  computed L m a t r i x   s a t i s -  

f i e s  an  equation  of  the  form 

A + E = L L  T 

w i t h  bounds on the  elements  of E which show t h a t  E i s  small 

compared t o  A.  The e f f e c t  of  rounding  errors made i n  the  sub- 

sequent   solut ion  of  LZ = Y and L X = Z may then be t aken   i n to  

account by ( impl i c i t l y )   i n t roduc ing   an   add i t iona l   pe r tu rba t ion  F 

i n t o  A,  and it i s  then  concluded t h a t  t he  computed so lu t ion  X 

e x a c t l y   s a t i s f i e s   t h e   e q u a t i o n  

T 

0 
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(A + E + F)Xo = Y 

Since E + F can  be shown t o  be small, one  would l i k e   t o   i n f e r  

t h a t  X. i s  almost  an exact s o l u t i o n  of t h e  o r ig ina l   equa t ions ,  

and un le s s  A i s  too   near ly   s ingular ,   such  a conclusion i s  i n -  

deed  warranted. But i f  A i s  very  i l l -condi t ioned,   no  such  re-  

sul t   can  be  guaranteed,   and X. may be f a r  from t h e  mathemati- 

c a l l y   c o r r e c t   s o l u t i o n ;   i n  t h i s  event   s ingle-precis ion computa- 

t i o n  w i l l  n o t   s u f f i c e   f o r   t h e   c a l c u l a t i o n   o f   a n   a c c u r a t e   s o l u t i o n  

and  s ince  the  solut ion w i l l  be   ve ry   s ens i t i ve   t o   sma l l   e r ro r s   i n  

A ,  i t  i s  u n l i k e l y  t h a t  even a high-precision  computation w i l l  

y i e l d   s a t i s f a c t o r y   r e s u l t s   u n l e s s  A and Y a r e  known (and sup-  

p l i e d )   t o  more than  s ingle-precis ion  accuracy.  The PODSYM sub- 

rou t ines  make a f a i r l y   r e a l i s t i c   a t t e m p t   t o   d e t e c t  and  report  

pa thologica l   condi t ions   o f  t h i s  s o r t .  

3 .7 .2  PIRATE - Solut ion of Symmetric Pos i t ive   Def in i te   Mat r ix  
Equat ions   in  Block Trid iagonal  Form 

PIRATE solves  t h e  matr ix   equat ion AX = Y ,  where 

-A1 

Bl 
A =  

B1 

A2 

B2 A3 

B3 

i s  t h e   b l o c k   t r i d i a g o n a l ,   p o s i t i v e   d e f i n i t e ,   s y m m e t r i c   s t i f f n e s s  

matrix  and X and Y ( represent ing   the   genera l ized   nodal   d i s -  

placements   and  loads,   respect ively)   are   par t i t ioned  correspond-  

i n g l y   a s  

59 



j x2 

x3 
x =  ( 

L 4 J  

Y 

T h i s  a l g o r i t h m   f a c t o r s   t h e   t o t a l   s t i f f n e s s   m a t r i x   i n t o   t h e   p r o -  

duct  of a l ower   t r i angu la r   a r r ay  and i t s  transpose  and  then 

so lves  a p a i r  of t r i a n g u l a r   s e t s  of equations.  T h i s  f a c t o r i z a -  

t i o n  i s  p o s s i b l e   o n l y   f o r   p o s i t i v e   d e f i n i t e   m a t r i c e s .  

The method makes use  of   the  Cholesky  a lgori thm  to   factor   the 

mat r ix  A i n to   t he   p roduc t  of an  upper  and  lower  triangular 

mat r ix  such  t h a t  A = LLT w i t h  

L =  

and 

= L ~ L ;  

'p 

B1 = MIL; 

A~ = M ~ M ;  + L~L; 
T 

B2 = M L" 2 2  

T T A3 = M M + L3L3 2 2  

rL1 

M1 L2 

M2 

so  t h a t  

s o  t h a t  

so  t h a t  

s o  t h a t  

e t c .  

L3 

M3 L4 

M 1 = B L  -T 1 1  

L ~ L ~  T = - M~M: 

-T M2 = B2L2 

rn rn 

L L = - M ~ M ;  1 

3 3  
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These  equat ions  are   used  in   turn t o  determine L1' ML' L2' 

e t c . ,   o b t a i n i n g  each diagonal   block by the  Cholesky  algo- M2 , 
r i t h m  and  each  off-diagonal  block by so lv ing   t r iangular   equa-  

t i ons .  

The diagonal   blocks of t h e  A matr ix ,  Ai, a r e   f a c t o r e d  

using t h e  standard  Cholesky  formulas  for each block 

and 

k-1 

j=1 

- 
' 2  
1 

k-1 
r 

A i k  - ' ij 'kj 
j=1 

A f low  char t   for  PIRATE i s  shown below. 

The f a c t o r i z a t i o n  i s  ca r r i ed   ou t  by subrout ine ATTACK a s  

follows 
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LIZl = Y1 

L2Z2 = Y2 - MIZl 

L3Z3 = Y3 - M2Z2 

etc.  

MORGAN cal ls  SKULL t o  form  the  products s Z k  and TRlEQ t o   s o l v e  

the   t r i angu la r   equa t i0n . s   fo r  t h e  'k' 

T h e  "back" s o l u t i o n  i s  so  cal led  because i t  obta ins   the  

so lu t ion   e l emen t s   i n   r eve r se   o rde r ;   i n   pa r t i t i oned   fo rm  the  

process i s  

L X =  T 

i . e . ,  

T L4X4 = 2 

L3X3 = z 
4 

T 
3 - M T X 4  

rn rn 

L X = Z2 - Mix3 I 

2 2  

e t c .  

Once aga in ,  SKULL generates  the  products  and TRIEQ pro- 

v ides   the   so lu t ions  Xk. Since  the Xk a re   ob ta ined   i n   r eve r se  

order ,  -it i s  necessary   for  MORGAN t o   r e a d  them backwards i n  

order   to   produce  the  solut ion  in   normal   order   in   core .  Note 
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t h a t  t h i s  is  done   on ly   a f te r  t h e  i n i t i a l  s o l u t i o n   s i n c e  a "back- 

wards"  copy of t h e  blocks of L are w r i t t e n  on a u x i l i a r y   s t o r -  

age for  u s e   i n   s u b s e q u e n t   s o l u t i o n s   t h a t   d o   n o t   r e q u i r e  t h e  

s t i f f n e s s   m a t r i x   t o   b e   f a c t o r e d .  

4 .  ELEMENTS I N  THE PLANS LIBRARY 

I n  t h i s  s e c t i o n   d e t a i l s   a b o u t   t h e   t h e o r e t i c a l   a s p e c t s  of the 

f i n i t e   e l e m e n t s   a v a i l a b l e  i n  PLANS and t h e i r   c a p a b i l i t i e s   a r e  

presented.  The order  of d i scuss ion  i s  based on t h e   a n a l y t i c a l  

and /o r   spa t i a l   d imens iona l i ty  of the   e lements ,   i . e . ,  one dimen- 

s i o n a l   e l e m e n t s   a r e   d i s c u s s e d   f i r s t ,   t h e n  two dimensional   e le-  

ments ,   and ,   f ina l ly ,   th ree   d imens iona l   e lements .  The t o p i c s   d i s -  

cussed  for   each  e lement   are   presented i n  the  following  sequence: 

B In t roduct ion  

0 Displacement  Assumptions 

0 Formation of S t i f fnes s   Ma t r ix  

e Geometr ic   St i f fness   Matr ix  

0 I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x   ( P l a s t i c  Load 
Vector) 

0 St re s s   Ca lcu la t ions  

0 Thermal   Stress   Calculat ions 

@ Mate r i a l   P rope r t i e s  

0 Mechanical Loads 

0 General Comments 
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4.1  Axisymmetric  Doubly  Curved S h e l l  Element - 

\\ 

Displacement  Assumptions: 

Initial  Strain  Distribution: 

Fig. 5 Axisymnetric  Thin-Shell  Element 

4 .1 .1   In  tr oduc t i  on 

T h i s  element i s  a doubly  curved  isoparametr ic   thin  shel l  

e lement   for   the  analysis   of   axisymmetr ical ly   loaded t h i n  s h e l l s  

of revolu t ion .  It should be used   fo r   she l l s  whose th i ckness   t o  

mean r a d i u s   r a t i o  i s  l e s s   t han  1/10. The she l l   t heo ry   u sed   t o  

der ive  t h e  element i s  Sanders '   nonl inear   theory   for   smal l   s t ra ins  

and  moderate  rotations  (Ref.  43). The element i s  based on the 

fo rmula t ion   i n i t i a l ly   p re sen ted  by  Levine  and Armen (Ref. 4 4 ) ,  
and extended  in  Ref.  26 .  It has six  degrees  of  freedom a t  each 

node  and  an  axisymmetric  torsion  capability  has  been  included. 

Th icknesses   a r e   spec i f i ed   a t   nodes  and  allowance i s  made f o r  a 

l i n e a r   t h i c k n e s s   v a r i a t i o n  from  node tr, node. 
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Two local   coordinate   systems are employed i n  t h e  element 

d e r i v a t i o n   i n   a d d i t i o n   t o  t h e  g l o b a l   c y l i n d r i c a l   r , e , z   s y s t e m .  

One i s  a loca l   rec tangular   Car tes ian   sys tem 4 , e ,q ,  a s  shown i n  

F ig .  5 w i t h  d isplacements   ul ,   u2,   v .  The o the r  i s  t h e   s h e l l  

curv i l inear   coord ina te   sys tem  def ined  by the  middle   surface  dis-  

placement i n   t h e   m e r i d i o n a l   d i r e c t i o n ,   u ,   c i r c u m f e r e n t i a l   d i -  

rec t ion ,   v ,   and   normal   d i rec t ion ,  w .  Here < i s  t h e   d i s -  

t ance   normal   to   the   middle   sur face   in   the   d i rec t ion  of w .  The 

s ign   conven t ion   fo r   s t r e s s  and moment r e s u l t a n t s  and appl ied  

pressures  i s  i l l u s t r a t e d   i n   F i g .  6 .  

4.1.2 Displacement  Assumptions 

The d i sp lacemen t   f i e ld  may be wr i t t en   i n   t e rms  of  the 

general ized  Cartesian  nodal   displacements   as   fol lows 

where Hh:)(E) , H i i ) ( e ) ,  H!;)(E) , Hi;) ( E )  are   cubic   Hermit ian 

in te rpola t ion   po lynomia ls .  T h i s  can  be  wri t ten i n  matrix  form 

a s  

T h i s  r e s u l t s   i n   s i x   d e g r e e s  of  freedom  per  node.  These a r e  

the  Cartesian  displacements  and t h e i r   r e s p e c t i v e   f i r s t   d e r i v a -  

t ives .   These  can  be  re la ted t o  the   she l l   d i sp lacements ,   u ,v ,w,  

t h e   r o t a t i o n  x = dw/ds - u/R1, the   l inear   mer id iona l  membrane 
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Z 

Fig .  6 Shell  Forces and Moments = Axisymmetric Loading 

s t r a i n  E = du/ds + w/Rl and t h e   l i n e a r  membrane shear  .strain 0 
S 

0 
= dv/ds - v cos  cp/r through  the  matrix [ T I  

0’ 

u1 

u2  

V 

U 

U 
2 ,E 

9 4  
V 

cos p - s i n  f3 

s i n  B cos @ 

0 0 

0 0 

0 0 

0 0 

0 0 0 0 

0 0 0 0 

1. 0 0 0 

0 - a  t an  p ,l 0 

0 a ,l tan B 0 

k? k! cos cp 
r cos f3 cos B 0 0 
0 

U 

W 

V 

X 

E 
0 
S 

0 
Y S  

( 4 3 )  
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or 

The f ina l   nodal   degrees   o f   f reedom  (us)   a re  u , w , x , E ~ ~ v ,  0 

0 
and Yye l e a d i n g   t o  a 12  degrees  of  freedom  element.  These 
q u a n t i t i e s  are assembled i n  t h e  tangential-normal  coordinate 

system a t  each  node. 

4.1.3 Formation of S t i f f n e s s   M a t r i x  

Based on Sanders’  theory  (Ref. 43)  t h e   l i n e a r  components 

of the   s t ra in-d isp lacement   re la t ions   a re  

where 

du w 1 E o  = -+- Eo = - (u cos cp+w s i n  cp) vze = - - dv v cos cp 
s ds R L ’  8 r ds  r Y 

0 

dX cos cp K = - -  
S ds  e r y K = -  X ¶  

r 
0 v cos cp 

3R1 s i n  cp 
K =”- s 8  2 r  12  ds  J1 dv ( 3  s i n  cp - ---> + 

R1 2R1 
( 1  - 

0 
r 
0 

dw u x = - - -  ds R1 

The s t r a i n   d i s p l a c e m e n t   r e l a t i o n s  may  now b e   w r i t t e n   i n  

terms  of  the  recti l inear  displacements  u1,u2,v and these   a r e  

r e l a t ed   t o   t he   noda l   deg rees  of  freedom t o   y i e l d  
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The e l a s t i c   s t i f f n e s s   m a t r i x  may then  be  formed as 

where [E] i s  the  matr ix  of e l a s t i c   c o n s t a n t s   r e l a t i n g   s t r e s s   t o  

s t r a i n .  The q u a n t i t y  h i s  t h e  s h e l l  thickness  which v a r i e s  

l i n e a r l y  from  node t o  node. 

T h i s  l i n e   i n t e g r a l  of E q .  ( 4 6 )  i s  evaluated  numerically 

using  Gauss-Legendre  integration whose order i s  spec i f i ed  by the 

user .  Up to   e igh th   o rde r   i n t eg ra t ion  i s  a v a i l a b l e   b u t   s i x t h  

order  has  been  found t o   b e   s u f f i c i e n t   f o r  most purposes. For 

s imple  geometr ies   and  constant   thickness ,   th i rd   order  i s  adequate.  

The actual  geometry  between  nodes i and j i s  approxi- 

mated by a subs t i t u t e   cu rve ,   r ep resen ted   i n   l oca l  4 ,q coordi-  

na t e s   a s  q = ~ ( 4 ) .  T h i s  curve  matches  the  coordinates and 

s lopes  of   the   actual   curve at  the  nodes of the  element and i s  a 

cubic  Hermitian  polynomial 

The t e rms   i n   pa ren thes i s   a r e   t he   f i r s t   o rde r   Hermi t i an   po ly -  

nomials 



a re   t he   o rd ina te s  of t h e  s u b s t i t u t e   c u r v e  a t  t h e  end points  and 

q l  - - q 2  f 0. The terms q 1  ' and q; a r e   t he   s lopes   t an  pi and 

t a n  B A l l  appropr i a t e   geomet r i c   quan t i t i e s  s u c h  as q ,  R ,  

and ro are   obtained  f rom  the  R,z   coordinates   of   points  i 

and j and 'pi and 'pj, the  angle  between  the  outward  normal 

and  the  posi t ive  z-axis .  

j' 

4.1.4 Geometr ic   St i f fness   Matr ix  

The geometr ic   nonl inear   s t i f fness   mat r ix  i s  developed  based 

on the   smal l   s t ra in   modera te   ro ta t ion   theory   p roposed  by Sanders.  

It i s  in tended   for   use  w i t h  the  "updated"  or  "convected"  coordi- 

na te   approach   to   the   so lu t ion  of geometric  nonlinear  problems. 

T h e  approximate  s t ra in   displacement   equat ions  special ized t o  a x i -  

symmetric  problems  are 

0 2 2 
E S = E S + *('pl + cp ) + <ks 

where 

We can   wr i t e   t he   geomet r i c   s t i f fnes s   a s  

J A 
where 
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The s t r e s s   r e s u l t a n t s  w e  assumed t o   v a r y   l i n e a r l y  from  node 

t o  node s i n c e   s t r e s s   c o m p u t a t i o n s   a r e   c a r r i e d   o u t   a t   n o d e s  

where 

[ N l  = 

N Ns e 

Nse 'e 0 

0 
S 

0 0 Ns+Ne 

T h i s  leads t o  

where 

2rro&d4 

dA = cos f3 

A l l  area  ( l ine)   integrat ions  are   performed  using  Gauss-  

Legendre  integrat ion of t he  same o r d e r   a s   s p e c i f i e d   f o r   t h e  

s t i f f n e s s   m a t r i x .  

4.1.5 I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x   ( P l a s t i c  Load Vector) 

The e f f ec t ive   p l a s t i c   l oad   vec to r   can   be   wr i t t en  as 
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The i n i t i a l   ( p 1 a s t i c ) s t r a i n s   a r e  assumed t o   v a r y   l i n e a r l y  

from  node t o  node w h i l e  a t  t h e  nodes t h e  v a r i a t i o n   o f   t h e   p l a s t i c  

s t ra ins   th rough  the   th ickness  i s  a r b i t r a r y .  We have  then 

Using t h i s  exp res s ion   i n  E q .  ( 5 3 )  and  remembering t h a t  [ W ]  = 

[Wm]  + C [ W b ]  t h e   f i n a l   e x p r e s s i o n   f o r   ( A Q ~ ]  i s  

r 

J A  

+ 

+ 

I 

A 

I 

J A  1 - h / 2  

(55) 

T h e  i n t e g r a t i o n  of t h e   e f f e c t i v e   p l a s t i c   f o r c e s  and moments 

through t h e  thickness  i s  car r ied   ou t   us ing   S impson ' s   ru le  w i t h  an 
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option of choosing u p  t o  2 1  i n t eg ra t ion   po in t s  (20 l a y e r s ) .  

The  number of layers   used m u s t  be  an  even number and i s  input  by 

the  user .   Eleven  points  (10 l a y e r s )   a r e   u s u a l l y   s u f f i c i e n t .  

The  a r e a   ( l i n e )   i n t e g r a t i o n  i s  performed  using a Gauss-Legendre 

i n t e g r a t i o n  scheme ( input  by the   user )  of t h e  order   used  to  form 

the   s t i f fnes s   ma t r ix .  

4 .1 .6   S t r e s s   Ca lcu la t ions  

S t r e s s e s   a r e   c a l c u l a t e d   a t   t h e   n o d e s  of t h e  element. A l l  

s t r a i n  components a re   cont inuous  from  element to   e lement   except  

K . T h i s  quan t i ty  i s  averaged a t  nodes. A l l  s t r e s s e s   o u t p u t  

a r e   i n   t he   she l l   cu rv i l i nea r   coo rd ina te   sys t em.   S t r e s ses   a r e  

a l s o   c a l c u l a t e d  and output a t  each  integrat ion  point   through  the 

thickness by node. 

S 

4.1.7  Thermal   Stress   Calculat ions 

Or tho t rop ic   t he rma l   s t r e s s   ca l cu la t ions   a r e   a l l owed .   D i f -  

f e ren t   t he rma l   coe f f i c i en t s  of expansion  in  the  meridional  and 

c i r cumfe ren t i a l   d i r ec t ions   can  be inpu t .  A parabolic  temperature 

d is t r ibu t ion   th rough  the   th ickness  i s  assumed a t  nodes. Between 

nodes  the  meridional  temperature  variation i s  assumed t o  be 

l inear .   Tempera tures   a re   input   a t   the   topJ   bo t tom,   and   middle  

s u r f a c e   a t  each  node. The thermal  load  vector i s  obtained  from 

Eq.  (55)  where AcP i s  replaced by cciATJ i . e .  

The i n t e g r a t i o n  of the   thermal   forces  and moments i s  done 

exact ly ,   assuming  the  parabol ic   temperature   dis t r ibut ion.  
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Temperatures a t   l a y e r s   a r e   o b t a i n e d   b y   i n t e r p o l a t i n g   t h e i r   v a l u e s  

based on the   pa rabo l i c   d i s t r ibu t ion .  

4.1.8 Mate r i a l   P rope r t i e s  

A l l  mater ia l   p roper t ies   a re   cons tan t   wi th in   the   e lement   and  

temperature  independent. Elastic p r o p e r t i e s   a r e   o r t h o t r o p i c .  

The mer id iona l   and   c i rcumferent ia l   d i rec t ions   a re   the   p r inc ipa l  

d i r e c t i o n s  of or thotropy.  We have 

E v E  
S se s 0 1 - v  1 -  v seves Se'eS 

0 

,-I 

0 Gse 

where CllC22 
IL 

- C,, > 0 f o r   p o s i t i v e   d e f i n i t e   s t i f f n e s s   m a t r i c e s .  L 

P l a s t i c   m a t e r i a l   p r o p e r t i e s   a r e  assumed to   be   o r thot ropic  

w i t h  Hi l l ' s  y i e l d   c r i t e r i o n   f o r   p l a n e   s t r e s s   u s e d   f o r   i n i t i a l  

y ie ld ing  

X , y , Z  a r e   t h e   y i e l d   s t r e s s e s   i n   t e n s i o n   i n   t h e  s ,e ,C  d i r e c -  

t i o n s ,   r e s p e c t i v e l y .  T i s  t h e   y i e l d   s t r e s s   i n   s h e a r   i n   t h e  s - e  

plane.  For two d i m e n s i o n s   t h e   s t a b i l i t y   c r i t e r i o n   f o r   u s e  of 

t h i s  y ie ld   condi t ion   reduces  t o  
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Per fec t ly   p l a s t i c   l i nea r   s t r a in   ha rden ing   o r   non l inea r  

s t r a in   ha rden ing  laws may be   chosen .   For   o r tho t ropic   p las t ic i ty  

the   i nd iv idua l  components  of  the s t r e s s - s t r a i n  law a re   i npu t  and 

each component may be  represented as l i n e a r   o r   n o n l i n e a r   s t r a i n  

hardening .   I f  one  component i s  p e r f e c t l y   p l a s t i c   a l l  must  be. 

A t  t h e  end of  each  half-cycle of loading new p l a s t i c   m a t e r i a l  

p rope r t i e s  may be   input   bu t   no t  new e l a s t i c   m a t e r i a l   p r o p e r t i e s .  

T h i s  al lows  subsequent  half-cycles of t h e   s t r e s s - s t r a i n   c u r v e  

t o  be   accura te ly   represented .  

Thermal coef f ic ien ts   o f   expans ion  may be inpu t   o r tho t rop i -  

c a l l y ,   i . e . ,   d i f f e r e n t  i n  the  meridional  and c i rcumferent ia l  d i -  

r e c t i o n s .  They may not  be  changed a t   t h e  end  of  each  half-cycle. 

4.1.9 Mechanical Loads 

Two types of mechanical  loads may be   appl ied   to  a s h e l l   e l e -  

ment. They a r e   s u r f a c e   t r a c t i o n s  and concentrated  (or   l ine)  

loads.  

Concentrated  or  Line Loads (Edge Loads) - These a re   appl ied  

as   forces   per  u n i t  length  of  circumference  except a t  r = 0 

where N = M = N = 0 and FZ z Qs represents   an   ac tua l  

fo rce .  A t  any  o ther   rad ia l   loca t ion   the   l ine   (or   edge)   loads   a re  

appl ied  i n  t h e   n a t u r a l   ( s h e l l )   c u r v i l i n e a r   c o o r d i n a t e s   a s  

S S se  

NS 

Qs 3 Ms, and Nse i n   t h e  u , w , x ,  and v d i r ec t ions ,   r e spec -  
t ive ly .   These   forces   per   un i t   l ength   a re   appl ied  and s p e c i f i e d  

a t  nodes  of   the   shel l .  

Surface Loads - T h e  su r face   t r ac t ions   a r e   spec i f i ed   pe r  u n i t  

sur face   a rea   in   the   mer id iona l  normal , and  circumfer- 

e n t i a l   d i r e c t i o n s ,  They a r e  assumed t o   v a r y   l i n e a r l y  from 
ps 

Pe 
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node t o  node. All three components a t  each node  must  be  speci- 

f i e d .  The  l oads  a r e  appl ied   th rough  cons is ten t   load   vec tors  

w h i c h  a r e   c a l c u l a t e d   i n  t h e  program 

c Pi) 

r 
1 

0 

All i n t eg ra t ions   a r e   ca r r i ed   ou t   numer i ca l ly   u s ing  a Gauss- 

Legendre scheme of the same order  as s p e c i f i e d   f o r   t h e   s t i f f n e s s  

matr ix .  

4.1.10 Equi l ibr ium  Correct ion 

The equi l ibr ium  cor rec t ion   te rm i s  w r i t t e n   a s  

n 

Here t h e   s t r e s s e s   a r e  assumed t o   v a r y   l i n e a r l y  from  node t o  node 

f o r  t h e  equi l ibr ium  cor rec t ion .  The s t r e s s  and moment r e s u l t a n t  

vec tors  a t  each  node I N i )  a r e   eva lua ted  by numer ica l ly   in te -  

gra t ing   the   s t resses   th rough  the   th ickness   us ing   S impson ' s  r u l e  

i n   t h e  same manner used   t o   ob ta in   t he   " ine l a s t i c   fo rces  and 

moments . 'I  
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4.1.11 General Comments 

0 Pole  Conditions - A t  a pole (r = 0) the  fol lowing  condi-  

t i o n s  must  be s a t i s f i e d   f o r   t h e   s h e l l   e l e m e n t :  1) uR = 0,  i f  

w e  have a s h e l l  where  dr /dz = 0 a t  r = 0 ( i . e . ,  cp = 0 or 

7-r) then t h i s  implies  u = 0; 2 )  x = 0; 3)  v = 0; and 

4, ycpe = 0. Correspondingly,   no  forces   can  be  appl ied a t  

r = 0, i . e . ,  Ns = Ms = N z 0 .  se 

0 Cap Element - No special   cap  e lement  was r equ i r ed   fo r  t h e  

axisymmetric  shell   element  described  here.  The use  of t h e  Hermi- 

t ian  polynomial  representation  of t h e  displacement  components 

and  u2 e l imina te s   t he   necess i ty  of  obtaining a r e l a t ionsh ip   be -  

tween the  general ized  coordinates  and the  degrees  of  freedom  any- 

where i n   t h e   e l e m e n t ,  and s p e c i f i c a l l y   a t  a pole.   Furthermore,  

s ince   t he   i n t eg ra t ion  was performed  numerically  using  the  Gauss- 

Legendre  technique,   no  actual   evaluat ion  of   the  funct ion  matr ix  

[ W ]  a t   t he   po in t   o f   s ingu la r i ty   o r   i nde te rminacy  was requi red .  

The s i n g u l a r i t y  was i s o l a t e d  and a l l  improper   integrals   required 

for   the  var ious  matr ices   converge.  The terms of the  matr ix  [ W ]  

r equ i r ed   fo r   t he  ui and xi degrees  of  freedom,  which  might 

r e s u l t  i n  numerical  problems,  were removed s i n c e   t h e   r a d i a l   d i s -  

placement and r o t a t i o n   a r e   i d e n t i c a l l y   z e r o   a t   t h e   p o l e .  To ob- 

t a i n   s t r a i n s   a t  t h e  po le ,   appropr ia te  limits were  taken i n  the 

[ W ]  matrices,   employing  L'Hopital 's   rule.  It i s ,  however,  neces- 

s a r y   t o   u s e  a f ine r   g r id   i n   t he   r eg ion   o f  t h e  pole  than  elsewhere.  

T rea t ing   t he   po le   a s   i f  i t  were  an actual   physical   boundary  leads 

to   accu ra t e   r e su l t s   fo r   d i sp l acemen t s  and s t r e s s e s .  

u1 

0 Geometric  nonlinear  analysis  using t h i s  she l l   e l emen t  i s  

o n l y   a v a i l a b l e   i n  a special   purpose module c a l l e d  AXSHEL. It i s  

n o t   a v a i l a b l e   i n  REVBY a t   t h e   r e l e a s e   d a t e  of t h i s  r e p o r t .  
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0 T h i s  element i s  a v a i l a b l e   i n  t h e  REVBY module  of PLANS. 

4.2 Axisymmetric  Ring  Element 

4 .2 .1 In t roduct ion  

Classical beam theory  forms t h e  b a s i s   f o r  t h e  development 

of t h e  s t i f f n e s s   m a t r i x   f o r  a t h i n   c i r c u l a r   r i n g  of a r b i t r a r y  

c r o s s   s e c t i o n ,   a s   d e r i v e d   i n  t h i s  s ec t ion .  T h i s  element i s  used 

i n   t h e  REVBY program  and i s  in tended   for   use  w i t h  the  revolved 

axisymmetric  shell   element.   Pertinent  geometry  defining  the 

r i n g - s h e l l   i n t e r e e c t i o n  i s  shown i n   F i g .  7 .  In   the  fol lowing 

de r iva t ions  i t  i s  assumed tha t   the   shear   cen ter   and   cen t ro id   o f  

t h e  r ing   co inc ide .  

4 . 2 . 2  Displacement  Assumptions  and  Formation  of  Stiffness 
Matrix 

Based on t h i n   r i n g   t h e o r y   f o r  an ax i symmet r i c   c i r cu la r   r i ng ,  

t h e   t o t a l   s t r a i n  and s t r e s s   f o r   a n y   p o i n t  i n  t h e  c r o s s   s e c t i o n  i n  

the  presence of an i n i t i a l   ( p l a s t i c )   s t r a i n  i s  

where r i s  the   r ad ius   o f   t he   r i ng ,  E i s  a n   i n i t i a l   ( p l a s t i c )  

s t r a i n ,  u i s  a component of displacement of t h e   r i n g   a x i s ,  and 
C 

C 

% i s  a rotat ion  normal  t o  the   r i ng   c ros s   s ec t ion .  

Subs t i t u t ing  E q s .  ( 6 2 )  and ( 6 3 )  i n to   t he   expres s ion   fo r  

s t r a i n   e n e r g y   l e a d s   t o  
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Fig. 7 Ring-Shell Geometry 

ET 2 U = - (A,: + I !3 ) + 27rE r x z  (uc - yB,)EdA + E 1 E2dv ( 6 4 )  I C 
V V 

where A and Ix a r e   t h e   s e c t i o n   a r e a  and moment of i n e r t i a .  

Using  the  Principal of V i r t u a l  Work yields   the  equi l ibr ium  equa-  

t i on   r e l a t ing   fo rce ,   d i sp l acemen t ,  and i n i t i a l   s t r a i n s  

where [k] i s  t h e  e lement   s t i f fness   mat r ix   g iven  by 
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[EA I 0 

and [k*] i s  t h e  i n i t i a l   s t r a i n   s t i f f n e s s  matrix. 

4.2.3 I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

T h e  i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x   o b t a i n e d   i n  Eq. (65) i s  

given by 

The  p l a s t i c   l o a d   v e c t o r  [Q) i s  the  product  of [ k*] and the  

vec tor  of i n t e g r a t e d   p l a s t i c   s t r a i n s .  

Since t h e  p l a s t i c   s t r a i n  ufay vary  through  the  r ing cross 

s e c t i o n   t h e   i n t e g r a l s   i n  Eq. (64) cannot  be  determined a p r i o r i .  

These in t eg ra l s   a r e   pe r fo rmed   numer i ca l ly   fo r   p l a s t i c   r i ngs   u s ing  

a Gaussian  quadrature.  

4.2.4 Transformation  to  Shell   Coordinate  System 

The s t i f fnes s   ma t r i ces   o f   Eqs .  (66) and (67) a r e   w r i t t e n  

w i t h  r e s p e c t   t o  t h e  r ing   coord ina te   sys tem.   In   o rder   to   use  t h e  

r ing  e lement  w i t h  the  axisymmetric  shell   'element t h e  r i n g  must 

be r e l a t e d   t o   t h e  s h e l l  coordinate   system. 

The  per t inent   geometry   def in ing  t h e  r i n g - s h e l l   i n t e r s e c t i o n  

i s  shown i n   F i g .  8 fo r   an   a t t achmen t   a t  p o i n t  A.  Continui ty   of  

t h e  r i n g  and s h e l l  displacements a t   p o i n t  A l e a d s   t o  
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where  

# I  -r - - z r  r 
I R2 I Y R2 
I I 

I 1 
[ T I  = - - ._ -_ - __ _ _  - - 

- 0  I 0 '  -1 O 'I - "  
u ,  w, Q1 a r e   t h e  s h e l l  displacements and r o t a t i o n ,  r and R2 
a r e   t h e   s h e l l   r a d i i  of curvature  shown i n  Fig.  8 ,  and "prime" 

d e n o t e s   d i f f e r e n t i a t i o n  w i t h  r e s p e c t   t o  t h e  a r c   l e n g t h ,  s .  

Fig.  8 Geometry Def in ing   the   Ring-Shel l   In te rsec t ion  
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The f i n a l   s t i f f n e s s  and i n i t i a l   s t r a i n   m a t r i x  w i t h  r e s p e c t  

t o  t h e  s h e l l  displacements  then i s  

rn 

4.2.5 St re s s   Ca lcu la t ions  

S t r e s ses   a r e   mon i to red   a t  a spec i f i ed  number of Gauss po in t s  

fo r   each   c ros s   s ec t ion   v i a  E q .  ( 6 3 ) .  From t h e s e   s t r e s s   v a l u e s ,  

each  point i s  checked  for   yielding  and  i f   necessary  plast- ic  

s t r a i n s   a r e   c a l c u l a t e d .  Once these  values   are   determined  the 

numerical   in tegrat ion  can  be  performed.  

F i v e   d i s t i n c t   r i n g   c r o s s   s e c t i o n s   a r e   c u r r e n t l y   i n   t h e  REVBY 

module, a s o l i d   r e c t a n g l e ,   s o l i d   c i r c u l a r ,   Z - s e c t i o n ,   I - s e c t i o n ,  

and  hollow c i r cu la r   s ec t ion   ( s ee   gene ra l  comments fo r   s ec t ion   de -  

t a i l s )  . 
4 .2 .6  Thermal S t ress   Analys is  

A parabol ic   t empera ture   d i s t r ibu t ion   can   be   spec i f ied   th rough 

the  depth  of t h e  r i ng   ( i . e . ,   a long  x i n   F i g .  8 ) .  Three  tempera- 

t u r e s   a r e   s p e c i f i e d .  They a r e  a t  t he   t op ,   cen t ro id ,  and  bottom 

of   the  r ing.  The t h e r m a l  load  vector  i s  formed i n   t h e  same manner 

a s   t h e   p l a s t i c   l o a d   v e c t o r  w i t h  E replaced by aAT. Thermal 

s t r a i n s   a t   i n t e g r a t i o n   p o i n t s   a r e   d e t e r m i n e d  by i n t e r p o l a t i o n  

based on the assumed p a r a b o l i c   d i s t r i b u t i o n .  

* 

4.2 .7  Mate r i a l   P rope r t i e s  

Elast ic ,  i d e a l l y   p l a s t i c ,   l i n e a r   s t r a i n   h a r d e n i n g  o r  non- 

l i nea r   s t r a in   ha rden ing   s t r e s s - s t r a in   l aws  may be  chosen. The 
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nonlinear  hardening i s  based on a Ramberg-Osgood r ep resen ta t ion  

of t h e   a c t u a l   s t r e s s - s t r a i n   d a t a .  The p l a s t i c   ma te r i a l   p rope r -  

ties may be  changed a t  t h e  end  of each half-cycle   of   loading.  

4.2.8  Loads 

Only axisymmetr ic   l ine  loads may be  applied a t  the node  de- 

f in ing   t he   r i ng   l oca t ion .  

4.2.9  General Comments 

8 Five   d i f f e ren t   c ros s   s ec t iona l   shapes   fo r   t he   r i ng   a r e  

a v a i l a b l e   i n   t h e  REVBY module.  These a r e  shown i n   F i g .   9 .  They 

a re :  1) a so l id   r ec t angu la r   c ros s   s ec t ion ,  SREC; 2 )  a s o l i d  

c i r c u l a r   c r o s s   s e c t i o n ,  SCIX;  3 )  a Z-section w i t h  equa l   a rea  

f l a n g e s ,   i . e . ,  a = b ,  = t2,  ZSEC; 4 )   an   I - sec t ion  w i t h  

equa l   a r ea   f l anges ,   i . e . ,  a = b ,  t l  = ISEC; and 5) a hol-  

low c i r c u l a r   c r o s s   s e c t i o n ,  HCIR.  T h e  order  of  the  Gauss- 

Legendre  integrat ion schemes  used to   ob ta in   t he   p l a s t i c   l oad  

vector  follows 

, 

Section 

SREC 

SC IR 

Z SEC 

I SEC 

Gauss-Legendre In t eg ra t ion  " Order 

Three  by  three  array  (9  points) 

Two r a d i a l   p o i n t s  times fou r   c i r cumfe ren t i a l  
po in ts   (8   po in ts )  

Third  order   in   each  f lange  and web (9  po in t s )  

Third  order   in   each  f lange  and web (9  points)  

Eighth order   around  the  c i rcumference 
(8 po in t s )  
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0 For t h e  Z- and I - sec t ions  t h e  th icknesses   a re  assumed t o  

be small compared t o  t h e  f lange  and web lengths .  For t h e  hollow 

c i r c u l a r   s e c t i o n  i t  i s  assumed t /a  << 1. 

0 The app l i cab le  module f o r  t h i s  element i s  REVBY. 

4.3 Stringer  Element 

4 .3 .1   Introduct ion 

T h i s  element i s  used   to   represent  a one d imens iona l   ax i a l  

f o r c e   s t r u c t u r a l  member. Two s t r inge r   e l emen t s   a r e   i nc luded   i n  

t h e  PLANS system: a two-node element  developed  from a cons tan t  

ax ia l   s t r a in   a s sumpt ion   and  a three-node  element  developed  from 

a l inear ly   vary ing   s t ra in   assumpt ion   (F ig .   10) .  

4.3.2  Displacement  Assumption 

The d i s t r i b u t i o n  of t h e  three  local   d isplacements   u ,v ,w 

shown in   F ig .   10  i s  assumed t o  be 

where 4 = x/,t f o r  t h e  two-node s t r inge r .  and 

fo r   t he   t h ree -node   s t r inge r .  
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(a)   Constant   s t ra in   e lement  ( b )  L inear   s t ra in   e lement  

Displacement Assumption:  

u = a1 + a2x u = al + a x + a x  2 3 
2 

I n i t i a l   S t r a i n  D i s t r i b u t i o n  
E = constant  

Fig.  10 S t r i n g e r  Element 

A s  shown in   F ig .  10,  t he   i nd ices  i , j  denote  the end point  

nodes  of  the  three-node  stringer.  The s p e c i f i c a t i o n  of   the   ax ia l  

displacement component i s  s u f f i c i e n t   t o   f u l l y   d e s c r i b e   t h e   e l a s t i c  

l inear   response  of a s t r inge r   e l emen t   s ince  t h e  element  has  no 

ou t -o f -p l ane   (no rma l   t o   t he   ax i a l   d i r ec t ion )   s t i f fnes s .  T h e  n o r -  

m a l  components, v,w, c o n t r i b u t e   t o  t h e  e las t ic ,  geometric  non- 

l inear   response  by coup l ing   t he   ax ia l   fo rce   t o   t he   ou t -o f -p l ane  

response.  T h i s  coupl ing  leads  to  t h e  i n i t i a l  s t r e s s   s t i f f n e s s  

matr ix  [k’] . It should be noted t h a t  displacement components 

v,w, a s  shown i n  Fig.  10,  r e f e r   t o   a n y  two mutually  perpendicu- 

lar  d i r ec t ions   no rma l   t o   t he   s t r i nge r   ax i s   s ince   t he   s t r i nge r  

does  not  have a p re fe ren t i a l   c ros s   s ec t iona l   r e f e rence   sys t em.  
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4.3.3  Element   St i f fness   Matr ix  

T h e  e l emen t   s t i f fnes s  matrices are   ob ta ined  from t h e  p r i n c i -  

p l e   o f   v i r t u a l  work (Sec t ion   3) .  The a p p r o p r i a t e   s t r a i n   d i s p l a c e -  

ment r e l a t i o n s   a r e  

Using t h i s  approach, t h e  l i n e a r  and  nonlinear  components  of  total 

s t r a i n   a r e   o b t a i n e d  from E.qs .  (71)  and  (73) as 

-1 i +I I o 
i 1 """_ 
I I 

O i  O i - 1  

i 

(7 5 )  

f o r   t h e  two-node s t r i n g e r  and 
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I O  
1 

I 
"- 
I 

4e-1 
( 7 7 )  

f o r  t h e  th ree-node   s t r inger  ., 
Making use  of Eqs .  ( 7 4 )  and ( 7 6 )  i n  t h e  d e f i n i t i o n s  for the  

e l a s t i c   s t i f f n e s s   m a t r i x   [ k o ]  and  assuming a cons tan t   c ross  

s e c t i o n   s t r i n g e r   t h e n   y i e l d s  

1 -1 
[ko] - - f o r   t h e  two-node 

s t r i n g e r  

and 

7 -8 1 

-8 1 6  -8 

1 -8 7 

for   the   th ree-node  
s t r i n g e r  

( 7 9 )  

where A i s  the   s ec t ion   a r ea  and E i s  Young's  modulus. 

4 . 3 . 4  Geometr ic   St i f fness   Matr ix  

Using Eqs .  ( 7 5 )  and ( 7 7 )  i n   t h e   d e f i n i t i o n  of  the  geometric 

s t i f f n e s s  [kl] g ives  

- I  -1 0 0 -  

1 F 
- -1 1 0 0 

[ k 1 = 7  
f o r  t h e  two-node 0 0 1 -1 s t r i n g e r  

- 0  0 -1 1- 
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and 

- 
1 F [k 1 =z 

7 

1 

-8 

0 

0 

0 

1 - 8  0 0 0 

7 - 8  0 0 0 

-8 16 0 0 0 

0 0 7 1 - 8  
0 0 1 7 - 8  
0 0 -8  -8 1 6  

for t h e  three-node (8 1) 
s t r i n g e r  

Here F i s  the   ave rage   ax ia l   fo rce .  

4 . 3 . 5  I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

The i n i t i a l   s t r a i n   m a t r i x  i s  based on the  assumption  that  

t he   t he rma l   (p l a s t i c )   s t r a in  i s  cons tan t   in   the   e lement .  T h u s ,  

t h e   i n i t i a l   s t r a i n   m a t r i x   c a n   b e   w r i t t e n  

for   bo th  t h e  two-  and  three-node  stringer  elements.  

4.3.6 S t r e s s  and  Force  Calculations 

Element ax ia l   fo rces   i n   t he   p re sence   o f   t he rma l   (p l a s t i c )  

s t r a i n s   a r e   c a l c u l a t e d   a s  

where I S )  a r e   t h e   l o c a l   a x i a l   d i s p l a c e m e n t s  and [E 1 a r e   t h e  

ave rage   t he rma l   and /o r   p l a s t i c   s t r a ins .  Average  element s t r e s s e s  

are ca l cu la t ed  a t  t h e   c e n t e r  of the  e lement  and are used  in   conjunc-  

t i o n   w i t h   p l a s t i c i t y   c a l c u l a t i o n s   c o n s i s t e n t   w i t h   t h e   a s s u m p t i o n   o f  

cons t an t   p l a s t i c   s t r a in   w i th in   each   e l emen t .  

P 
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4 . 3 . 7  Thermal Stress Calcula t ions  

Temperatures are s p e c i f i e d  a t  t h e  two end  point  nodes. 

These  nodal  values are used  to  determine  an  average  element 

temperature.  

4 . 3 . 8  Mate r i a l   P rope r t i e s  

P l a s t i c   s t r a i n s   a r e   c a l c u l a t e d   u s i n g  a u n i a x i a l   b i l i n e a r  

s t r e s s - s t r a i n   r e l a t i o n   o r  a nonl inear  Ramberg-Osgood r e l a t i o n .  

P e r f e c t   p l a s t i c i t y  i s  a l s o  accommodated. 

4.3.9 Loads 

The s t r i n g e r   c a n  be loaded by concentrated  nodal   loads  or  

cons i s t en t   d i s t r ibu ted   l i ne   l oads   (Sec t ion  4 .7 .9 ) .  

4 . 3 . 1 0  C omen t s 

0 The three-node  s t r inger   has   an assumed displacement  function 

c o n s i s t e n t  w i t h  t ha t   u sed   fo r  t h e  LST of  Section 4.7 and i s ,  

therefore ,   used when l inking  an LST w i t h  a s t r i n g e r .  

e The app l i cab le  modules f o r  t h i s  e lement   are  OUT-OF-PLANE, 

BEND, and OUT-OF-PLANE-MG. 

4.4 Beam Element 

4.4.1 In t roduct ion  

The s t i f f n e s s   p r o p e r t i e s   f o r   a n   i n i t i a l l y   s t r a i g h t  beam 

f in i t e   e l emen t  of a rb i t r a ry   c ros s   s ec t ion   a r e   de r ived  i n  t h i s  

section  based on the   assumpt ions   o f   c lass ica l  beam theory.  These 

assumptions  include 
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1) Normals t o  t h e  c e n t r o i d a l   a x i s   r e m a i n   s t r a i g h t  and 

normal a f te r   deformat ion  and the i r   l ength   remains  un- 

changed,   i .e . ,  t h e  e f f e c t  of transverse  shear  deforma- 

t i o n  and t ransverse   normal   s t ra ins   a re   neglec ted .  

2) Warping  of t h e  c r o s s   s e c t i o n  i s  nelgected.  

Although  assumption 2 )  i s  r e s t r i c t i v e   f o r  a l l  b u t   c i r c u l a r   c r o s s  

s e c t i o n s ,   t h e   a b i l i t y   t o   s p e c i f y  t h e  a c t u a l   t o r s i o n a l   r i g i d i t y  

has  been  maintained.  Throughout  the  development, i t  is  assumed 

t h a t  t h e  shear ' cen ter   and   cen t ro id  of t he   c ros s   s ec t ion  do not  

necessa r i ly   co inc ide .  The element  coordinate  system  (located a t  

the   shear   cen ter  of t h e  c ros s   s ec t ion )  and  convention f o r  mo- 

ments , fo rces  , and  displacements  are shown i n   F i g .  ll. Based on 

F ig .  11 Coordinate  System  and  Convention for Forces 
and  Displacements  for  Three  Dimensional 
Beam Element 

9 1  



t h e  convention of F ig .  11 and  assumptions 1) and 2), as noted 

previously,  t h e  displacements a t  any   po in t   wi th in  t h e  beam c ross  

s e c t i o n   c a n   b e   w r i t t e n   a s  

v = v - ZB, 
Z S 

w = w + yBx 
Z S 

where u i s  t h e  ax ia l   d i sp l acemen t  of t h e   c e n t r o i d a l   a x i s ;  v 

w a r e   t he   l a t e ra l   d i sp l acemen t s  of t he   shea r   cen te r   i n   t he  

c r o s s   s e c t i o n a l  y and z d i r e c t i o n s ,  B,, By, 8, a re   c ros s  

s e c t i o n a l   r o t a t i o n s   d e f i n e d   i n   F i g .  1 2 ,  and yCgy z a re   t he  

distances  between t h e  cen t ro id  and  shear   center .  

C S ’  

9 

cg 

& Z 
t x  

Fig.  1 2  Convention  for  Rotations 
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Based on E q s .  ( 8 4 )  and  excluding terms as soc ia t ed  w i t h  non- 

l i n e a r   t e r m s   i n  t h e  curva tures ,  t h e  nonl inear  s t r a i n  d isp lace-  

ment r e l a t i o n s  are  I 

where 

e = e + ( z  - z ~ ~ ) K ~  P 
X 0 - (Y - Ycg)Kz - E X 

P P  and E X )  Y x z  Y Yxy P a r e   i n i t i a l  o r  p l a s t i c   s t r a i n s .  

Equations (85) along w i t h  t h e   d e f i n i t i o n s   f o r  moment and 

product of i ne r t i a   abou t   t he   s ec t ion   cen t ro id  

I =  
Y 

(z - z )2dA 
c g  

Y IZ = i, 

are   u sed   t o   de r ive   t he   e l emen t   s t i f fnes s   ma t r i ces .  
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4.4.2 Displacement  Assumptions 

T h e r e  are four  independent  displacement  components t h a t  a r e  

prescr ibed  t o  formulate t h e  beam e l e m e n t   s t i f f n e s s   p r o p e r t i e s .  

These  a r e  t h e  two transverse  displacement  components,  v w s' s 
and t h e  ax ia l   d i sp l acemen t  and twist, uc and p,. The out-of- 

p l ane   ro t a t ions  are r e l a t ed   t o   t he   t r ansve r se   d i sp l acemen t s   i n  

t h e  usua l  manner  by imposing  Kirchoffs   hypothesis ,   i .e . ,  

t h e  two components  of  transverse  displacement  are assumed t o  be 

c u b i c   f u n c t i o n s   t h a t   a r e   s o l u t i o n s   t o  the l i n e a r  homogeneous beam 

equat ions 

2 z 
i=l 

where  

It i s  

4 = x / l ,  l, i s  the  element  length,   and 

= 24 - 3E + 1 3 2 
Ho 1 

H 0 2  

H1l 

H 1 2  = E  - 4  

(1) 3 2 = -24 + 34 

= 43 - 2 4 2  + 4 

( 1) 3 2 

assumed that the  in-plane  displacement  and twist u B 
c y  x 

a r e   l i n e a r   f u n c t i o n s  of t he   ax ia l   coo rd ina te  
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I where 

I 4 . 4 . 3  S t i f f n e s s   M a t r i x  

The e l a s t i c  component  of t h e   s t i f f n e s s   m a t r i x   c a n  be  de- 

veloped  using  the  pr inciple  of v i r t u a l  work or  from  energy  con- 

s i d e r a t i o n s .   I n   e i t h e r   c a s e ,   u s e  i s  made of the   k inemat ic   d i s -  

placement  assumptions, E q s .  ( 8 4 ) ,  t o   r educe   t he   gene ra l   r e l a t ion -  

s h i p  f o r   t h e   s t i f f n e s s  matrix, w h i c h  i s  a function  of t h e  t h ree  

s p a t i a l   c o o r d i n a t e s  and  involves a volume in t eg ra l ,   t o  a funct ion 

o f   on ly   t he   ax ia l   coo rd ina te  and a simple one d imens iona l   in te -  

g r a l  of  the  form 
,a 

where 

‘EA 0 0 o x  
0 GJ 0 0 

0 E1 -E I [Dl = 
YY YZ 

0 0 -E I 
YZ j 
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and A i s  t h e  c r o s s   s e c t i o n a l  area, I 

t r o i d a l  moments and  product of i n e r t i a ,   r e s p e c t i v e l y ,  J i s  

t h e  s e c t i o n   t o r s i o n a l   r i g i d i t y ,  and E and G are Young's 

modulus  and t h e  shear modulus,   respectively.  The [ W ]  mat r ix  

i s  obtained by s u b s t i t u t i n g  t h e  displacement  assumptions,  

E q s .  (86) and (87) i n t o   t h e   l i n e a r  component  of t h e  s t r a i n   d i s -  

p lacement   re la t ions ,  E q .  (85) and i s  w r i t t e n   a s  

yy' IZZ, yz I t h e  cen- 

0 .  0 0 0 0 

0 

0 

- @3 
a 

1 
.t 
" 0 0 0 

@1 

L 2  
I -  

@2 
" 

f? 
0 0 0 0 0 

- @1 
2 a 

0 a 

0 0 0 0 0 0 0 a 

where 

six  degrees  of  freedom pe r  node u v wiy Bx , i '  i ' B 3 B z ,  

where t h e  a x i a l   d i s p l a c e m e n t   r e f e r s   t o   t h e   c e n t r o i d  and the 
i Y i  i 

l a t e r a l   d i s p l a c e m e n t s   r e f e r   t o  t h e  shea r   cen te r .  

4.4.4 Geometr ic   St i f fness   Matr ix  

The development  of t h e  "geometr ic"   s t i f fness   mat r ix   o r  i n i -  

t i a l   s t r e s s   s t i f f n e s s   m a t r i x ,   b a s e d  on small st rain,moderate   ro-  

t a t ion   a s sumpt ions   fo r  a planar  beam, i s  straightforward  and  has 



been  previously  presented  in  R e f .  17.  However, fo r   t he   ca se  of 

a genera l   space   f rame  subjec ted   to   to rs ion   as  well  as bending, 

there i s  nonl inear   coupl ing  between  bending  and  tors ion which  can 

l e a d   t o   v a r i o u s   e x p r e s s i o n s   f o r   t h e   i n i t i a l   s t r e s s   s t i f f n e s s  

matrix  depending on t h e  approximations made i n   a r r i v i n g  a t  the 

s t r a i n   d i s p l a c e m e n t   r e l a t i o n s ,  Eq. (85). I n  t h i s  development 

the  simplest   approach was t aken   i n   t ha t   non l inea r   con t r ibu t ions  

t o  t h e  curvature  and twist a re   neg lec t ed  and Kirchoffb  hypothesis 

i s  imposed on on ly   t he   l i nea r  components  of s t r a i n .   I n  s o  doing 

the form of [kl] i s  s i m i l a r   t o  t h a t  f o r  a planar  beam w i t h  

t h e  add i t ion  of only  the  nonl inear   coupl ing  between  tors ion  and 

bending. 

W i t h  these  considerat ions,  [k']  can be w r i t t e n   a s  

n 6 

where 
r o  

[ E l  = -v 
Y 

- -vz 

and 

[a1 = 

' 0  

0 

0 

@1 
" a 

Q 
4 

0 

0 

@2 

-v  
Y 

T 

0 

0 

0 

- V  z 

0 

T 

0 

0 

@1 
" 

a 

0 

@1 

0 

@ 5  

O @3 

0 

0 0  

0 

0 
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2 - E )  , Q2 = 3c2 - 4E + 1 , Q3 = 3e " 2E 2 Q1 = .  6(E 

Q 4 = 1 - E  y Q 5 = E  

4.4.5 I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

The i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x  i s  used   to  compute the  

nodal   forces  due t o  t h e r m a l  o r   i n i t i a l   s t r a i n s .   I n  a plastCc 

ana lys i s   us ing  t h e  " i n i t i a l   s t r a i n "  method i t  i s  used   t o   de t e r -  

mine the   e f f ec t ive   p l a s t i c   l oad   vec to r   (Re f .  8 )  a s  
* 

I A Q ?  = [k ] C A E )  

where 

( A Q )  i s  t h e   e f f e c t i v e   p l a s t i c   l o a d   v e c t o r  

[k*] i s  t h e   i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x  

and 

[A€] i s  t h e  v e c t o r   o f   d i s c r e t e   q u a n t i t i e s   c h a r a c t e r -  

i z i n g   t h e   s t a t e  of p l a s t i c   s t r a i n .  

The i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x ,   b a s e d  on the  displacement 

assumptions  of E q .  ( 8 4 )  can   be   wr i t ten   as  

r 

J V  - ycg) 

,p - z xz 

AEX 1 
dV 

where [ W ]  i s  t h e  mat r ix   def ined   in  E q .  (88) and 
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‘E 0 0 0  

O E  0 0  

0 0 - E O  
[E] = 

,o 0 O G  

Because f o r  a three d imens iona l   space   f rame,   the   p las t ic   s t ra in  

v a r i e s   i n   e a c h   c r o s s   s e c t i o n   a s  well as i n  t h e  a x i a l   d i r e c t i o n ,  

E q .  (90) cannot be immediately  reduced  to a one dimensional   in-  

t e g r a l  as was the   ca se   fo r   t he   s t i f fnes s   ma t r ix .  However, con- 

s i s t e n t  w i t h  f i n i t e   e l e m e n t   a n a l y s i s ,  t h e  func t iona l  form f o r  

t h e  d i s t r i b u t i o n  of p l a s t i c   s t r a i n   i n c r e m e n t   c a n   b e  assumed f o r  

each beam element. To t h i s  end, i t  i s  assumed tha t   each  compo- 

nent  of increment of p l a s t i c   s t r a i n   v a r i e s   l i n e a r l y   i n   t h e  beam 

a x i a l   d i r e c t i o n .  Thus 

99 

where  the i , j  denote  the two beam nodes ,   respec t ive ly  (Fig.  11). 

A t  t h i s  point  no  assumption i s  made f o r   t h e   d i s t r i b u t i o n   i n   a n y  

c r o s s   s e c t i o n .  W i t h  t h i s  assumption, [kJC] can  be  wri t ten as 



S 1 
* T -  I 

[ k ] = -  [W] [EI[El C21dx 
1 

0 I 

where  

and 

0 

(0) 
@i 

0 

0 

i 

I 
I 

A 

J 

0 0 

0 0 

dA (92) 

The  i n t e g r a l s   i n  E q .  (92)   are   evaluated  numerical ly   using a 

Gauss-Legendre  integration scheme. To accomplish t h i s ,  the  

shape of t he   c ros s   s ec t ion  must  be known a p r i o r i  and  increments 

of p l a s t i c   s t r a i n  must  be e v a l u a t e d   a t  t h e  Gauss po in t s   i n   t he  

c ros s   s ec t ion .  To t h i s  end n i n e   d i s t i n c t   c r o s s   s e c t i o n s  have 

been  provided for i n  PLANS. These  are shown i n   F i g .  13 along 

w i t h  the  order of Gauss-Legendre  integration. 
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t Z  t z  

S o l i d  Rectangular  Section 
16 Integration Points 

4 "  

Z - Section 
9 Integration Points 

t z  

Hollow Circular Section 
8 Integration Points 

t "  

L - Section 
6 Integration Points 

Channel  Section 
9 Integration Points 

Solid Circular Section 
8 1nt;et:raLion Points 

+a3 4 
9 Integration Points 
I - Section 

f 
4 

t z  

Hollow Rectangular Section 
12 Integration Points 

t "  

Fig. 13 Beam Sections Available i n  PLANS 101 



4 . 4 . 6  Transformation  to  Global  Coordinates and Offset  
Spec i f i ca t ion  

Once the   e l emen t   s t i f fnes s   ma t r i ces  have  been  evaluated, i t  

i s  necessary  to   assemble  each  matr ix   to  some common global   sys-  

tem. However, s ince   the  beam element i s  geometr ica l ly  one  dimen- 

s iona l ,   on ly   the   o r ien ta t ion   of   the  beam a x i s  i s  known by spec i -  

fying  the  coordinates  of  the end point  nodes.   Consequently,   the 

o r i e n t a t i o n  of t h e  cross   sect ional   axes   remains  undefined.   In  

o rde r   t o   de f ine  t h i s  o r i e n t a t i o n   a n   e x t r a  node poin t  must  be 

spec i f i ed   a s  shown i n   F i g .  14. 

T h i s  a d d i t i o n a l  node de f ines  a p l ane   t ha t   f i xes   t he   d i r ec -  

t i on  and o r i e n t a t i o n  o f  the  y-axis .  The z -ax is  i s  perpendicu- 

l a r   t o  t h i s  p l ane .   In   p rac t i ce ,  t h i s  node  can  be p a r t  of the 

s t r u c t u r e   o r  i t  can  be  specif ied  only  for   the  purpose of def in ing  

c j ' x  i 

Fig .  14 Beam Node S p e c i f i c a t i o n  
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t h e   c r o s s   s e c t i o n a l   o r i e n t a t i o n .  If t h e  l a t t e r   o p t i o n  i s  chosen 

all degrees of freedom  associated w i t h  t h e  node must  be  f ixed.  

Once t h i s  a d d i t i o n a l   p o i n t  i s  def ined ,  t h e  d i r ec t ion   cos ine  

transformations  between t h e  l o c a l  and g l o b a l   d i r e c t i o n s   a r e  com- 

p l e  te  ly determined . 
Also a c c o u n t e d   f o r   i n  t h e  transformation  between  the  local 

and global  systems i s  t h e   o f f s e t  of  the  attachment  point  (point 

A i n   F i g .  1,5) from t h e  beam a x i s .  The appropriate   t ransforma- 

t i o n  i s  obtained  from  the beam kinematic  assumptions, E q .  ( 8 4 ) ,  

and  can  be  writ ten  for  the i th node a s  

t z s  

Fig.  15 Def in i t ion   o f   Offse t   Poin t  
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0 
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Geometr ic   nonl inear i ty  i s  considered  in  PLANS using  an up- 

dated  coordinate   system.  In   using t h i s  method the   change   in  

o r i e n t a t i o n  of t he  beam element must  be  accounted  for   during 

each  load  step.  To t h i s  end  the  change i n   o r i e n t a t i o n  of each 

element i s  c a l c u l a t e d   a s  

where  the  coordinates shown a r e  w i t h  r e s p e c t   t o   t h e  beam l o c a l  

axis  system  and 

e = tan-fZuj - Av. - 1.J 

104 



R e  = cos b , m = s i n  8 e 

ag = cos f3 3 mg = s i n  g 

A? = cos CY 9 m = s i n  CI a cl 

Superscr ip ts  i+l, i rep resen t   t he   cu r ren t  and  previous  con- 

f i g u r a t i o n ,   r e s p e c t i v e l y ,  and 1 i s  the  element  length  in  the 

i th conf igura t ion .  

4.4.7 Force,  Moment, and Stress Calcula t ions  

The incremental   element  nodal  forces and moments a r e  ob- 

tained  in  each  load  increment by making use of t he   e l emen t   s t i f f -  

ness   mat r ices   re la ted   to   the   loca l   e lement   coord ina te   sys tem.  

T h u s  

Tota l   forces   a re   ob ta ined  by  summing inc remen ta l   quan t i t i e s .  

The s t resses   a re   eva lua ted   wi th in   each   increment  by s u b s t i -  

tut ing  the  displacement   assumptions,   Eqs.  ( 8 4 ) ,  i n t o   t h e   l i n e a r  

por t ion  of t h e   s t r a i n   d i s p l a c e m e n t   r e l a t i o n s  and then making use 

of t h e  app ropr i a t e   s t r e s s - s t r a in   r e l a t ions .   These   equa t ions   a r e  

evaluated a t   t h e  Gauss po in t s  of each  sect ion.  
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4.4.8 Mate r i a l   P rope r t i e s  

E las t ic ,  i d e a l l y  p l a s t i c ,  l i n e a r   s t r a i n   h a r d e n i n g ,  o r  non- 

l i n e a r   s t r a i n   h a r d e n i n g   s t r e s s - s t r a i n  laws may be  used w i t h  t h e  

beam element. The nonlinear  hardening i s  based on a Ramberg- 

Osgood r ep resen ta t ion  of t h e   a c t u a l   s t r e s s - s t r a i n   d a t a .  The 

p l a s t i c   m a t e r i a l   p r o p e r t i e s  may be  changed a t   t h e  end  of  each 

half   -cycle  of loading. 

4.4.9 Loads 

The Seam element  can  be  loaded by 

a)   Concentrated  forces   and moments a t  each node 

b )   L inea r ly   va ry ing   d i s t r ibu ted   l oad   i n   t he   l oca l  

y and z d i r e c t i o n s .  

The c o n s i s t e n t   l o a d   v e c t o r   f o r   t h e   d i s t r i b u t e d   l o a d  i s  obtained 

from 

where [ N ]  i s  the   shape   func t ion   for   the   l a te ra l   d i sp lacement  

[ N l  = ( 9 4 )  
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4 i '  4j are  the  magnitude of t h e   d i s t r i b u t e d   l o a d   a t   e a c h  node 
i n  t h e  y o r  z d i r e c t i o n  and [f] i s  the   vec tor   o f   loca l   forces  

and moments i n   t h e  x-y o r  x-z plane. 

4.4.10 C omen ts  

0 T h e  beam element i s  a v a i l a b l e   i n   t h e  OUT-OF-PLANE, OUT-OF- 

PLANE-MG, and BEND modules of PLANS 

e C u r r e n t l y ,   o f f s e t s   a t   b o t h   e n d s  of t h e  beam must  be the 

same 

0 No the rma l   capab i l i t y  i s  cu r ren t ly   ava i l ab le   fo r   t he  beam 

e lemen t 

4.5 Shear  Panel  Element 

4.5.1 In t roduct ion  

A warped shear   panel  h a s  been included  in   the  e lement  

l i b r a r y  of  PLANS. T h i s  element i s  used i n   p r a c t i c e   t o  model 

shear  webs of  wing  spars  and  r ibs  as  well   as  the  sheet  area  of 

some fuse l age   s ec t ions .  The development  of  the s t i f f n e s s   p r o p e r -  

t i e s   f o r  t h i s  element  does n o t  fo l low  the   usua l   cons is ten t   de-  

velopment  of  element  properties. The procedure shown herein f o l -  

lows t h e  development a s  descr ibed i n  Ref. 46 .  

4 .5 .2  S t i f f n e s s   M a t r i x  

The e l emen t   cha rac t e r i s t i c s   fo r   t he  warped shear   pane l   a re  

developed  from  the  assumption  of a d i s t r i b u t i o n  of s t r e s s e s  

within  the  element t h a t  s a t i s f y   e q u i l i b r i u m   b u t  do n o t   s a t i s f y  

s t r a i n   c o m p a t i b i l i t y ,   e x c e p t   i n   t h e   c a s e   o f  a parallelogram. A 

Z l e x i b i l i t y   c o e f f i c i e n t  i s  then  computed,  using  an  energy  formu- 

l a t i o n ,  and a s e t  of equi l ibr ium  equat ions i s  used  to   obtain  the 



s t i f f n e s s   m a t r i x .  Details involved   in   ob ta in ing  t h e  energy ex- 
pression  can  be  found  in  Ref.  47. I n   o r d e r   t o   o b t a i n  t h e  s t i f f -  

ness  of t h e  e lement ,   s ix   equi l ibr ium  equat ions  are w r i t t e n   f o r  / 

t h e  e l emen t   i n  t h e  reference  coordinate   system shown i n   F i g .  16 .  

The  f o r c e s   f i ,   f i ,  f;, and f i  (Fig.  17) a re   necessa ry   t o  

ensure   equi l ibr ium  in  t h e  z -d i r ec t ion .  The next  s t e p  i s  t o  

S i n c e   t h e r e   a r e  s ix  equat ions and  seven  unknowns,  an a d d i t i o n a l  

equation is  needed, w h i c h  i s  obtained  by  assuming  that   the   re-  

su l t an t   fo rce   i n   t he   z -d i r ec t ion   pas ses   t h rough   po in t  v 

(Fig.  18), and t h a t  one-half  of t h i s  r e s u l t a n t  i s  a c t i n g   a t  

nodes j and k. 

Fig .  16 P ro jec t ed   Quadr i l a t e ra l  
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1 
n 

Fig. 1 7  Equilibrium of  Warped Shear  Panel 

Fig. 18 Addit ional  Geometry f o r  Warped Shear P a n e l  
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Taking moments about a l ine  passing  through  node j 

p a r a l l e l   t o  i-1 

84 
83 + 84 

f; - 2 
- 1  (f;  + f; + f; + f;) 

o r  

where 

f; + f; + (1 - y ) f i  + f; = 0 

The equi l ibr ium  equat ions  and Eq. (96) can   be   wr i t ten  i n  the  

matrix form 

w h e r e  (f"} = (f;  f; f; fi q2 q3  q4) .  Solving E q .  (98) w e  have 

( f " 3  = [EQ1-'(R)ql  (99) 

or 

C f )  = CEIq1 (100) 

where ( f )  i s  obtained by en larg ing  ( f " )  t o   i n c l u d e  q1 and 

( E )  i s  obtained by correspondingly  enlarging [EQ]  ( R )  t o   i n -  

c l u d e   t h e   i d e n t i t y  q 1 = 41' 

-1 

The  e ight   appl ied   forces   can  be cons idered   to   cor respond  to  

eight degrees of freedom. They a r e   r e l a t e d ,   a s  we have seen, by 

seven   equat ions ,   s ix  of w h i c h  are   based on s t a t i c  equi l ibr ium 

and  the  seventh i s  an  assumed r e l a t i o n s h i p .  An a d d i t i o n a l   r e l a -  

t ionship,   based on e l a s t i c   de fo rma t ion  and  corresponding  to a 

s i n g l e   e l a s t i c   d e g r e e  of freedom  can be introduced.   I f  we regard 
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41 as represent ing  the  general ized  force  corresponding  to   the 

elast ic   degree  of   f reedom  and 6 i s  def ined   as  t h e  correspond- 

ing   gene ra l i zed   d i sp l acemen t ,   t he   e l a s t i c   s t r a in   ene rgy  may be 

wr i t t en   i n   t he   fo rm 

41  

u = -  1 
6q1% (101) 

Introducing t h e  r e l a t i o n s h i p  

6 = aql (102) 
q1 

where a i s  a f l e x i b i l i t y   c o e f f i c i e n t ,  we can   wr i te  E q .  (101) i n  

the  form 

An a l t e r n a t i v e  form f o r   t h e   s t r a i n   e n e r g y  i s  

u = 3 l f l T 1 6 3  

where ( 6 )  i s  a displacement  matrix  corresponding  to ( f ]  . Sub- 

s t i t u t i m  of Eq .  (100) i n t o  E q .  (104) y i e l d s  

Comparing E q s .  (101) and (105) ,  we s e e   t h a t  

6 = ( E ) T ( 6 1  (106) 
91 

Subs t i t u t ion  of E q .  (106) i n t o  E q .  (103) y i e l d s   t h e  form 

o r  

where 
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1 T Ck1 = ; (E ' l (E1 

[k] i s  seen t o  be t h e  s t i f f n e s s   m a t r i x   i n  the r e l a t i o n s h i p  

The f l e x i b i l i t y   c o e f f i c i e n t  a i s  computed for   the   p ro-  

jected  geometry  of  the  warped  quadrilateral  on the   re fe rence  

plane  def ined by t h e  l i n e s  1-4 and 2-3 i n   F i g .  16. T h i s  c o e f f i -  

c i e n t   g i v e s  t h e  re la t ionship   be tween  the   genera l ized   shear   de-  

formation, 6 and t h e  shear   f low,   q l ,   ac t ing   a long   s ide  

1 -2 ,  as shown i n   F i g .  16.  
41  , 

T h e  computation of CI f o r  a par t icular  q u a d r i l a t e r a l   d e -  

pends on i t s  shape, wh ich  can  be  any d the   fol lowing  four   types 

e Para l le logram  or  rectangle 

e Trapezoid w i t h  s i d e  a p a r a l l e l   t o   s i d e  c 

e Trapezoid w i t h  s i d e  b p a r a l l e l   t o   s i d e  d 

e G e n e r a l   q u a d r i l a t e r a l  

In   genera l ,  t h e  express ion   for  CY i s  n o t   e a s i l y   o b t a i n e d  

for   t rapezoida l   and   quadr i la te ra l   shapes .   Approximate   expres-  

s ions  have  been  derived,  however,  for  these shapes by Garvey 

(Ref. 47) based on t h e  assumption t h a t  t h e r e   a r e  some d i r e c t i o n s  

in   t he   pane l  t h a t  are i n   s t a t e s  of  pure  shear. T h i s  i s  t r u e   f o r  

both  rectangles   and  paral le lograms,   but  i s  only  an  approximation, 

fo r   t r apezo ids  and quadr i la te ra l s .   Therefore ,   shapes  w h i c h  vary 

subs t an t i a l ly   f rom a pa ra l l e log ram  in t roduce   e r ro r s   i n  t h e  analy- 

sis. 
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4.5.3 I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

In  t h e  p r e s e n c e   o f   i n i t i a l   s t r a i n s   a n   i n i t i a l   g e n e r a l i z e d  

displacement  component, 6 O  , must  be  added to E q s .  (102) through 

(103) s o  t h a t  41 

6 = aq l  + 6 O  
Q1 91 

and 

w h e r e  ( 6 ) O  i s  an i n i t i a l   d i s p l a c e m e n t   a s s o c i a t e d  w i t h  the 

f o r c e s   ( f )  of Eq.  (104) .  T h i s  leads t o  the   express ion   for  

s t r a i n   e n e r g y  

Since 

( 6 O  = (E1 ( 6  3 T o  
q1 

and 

( 6 :  = (ElT Q Gyo 

where i s  an i n i t i a l   s t r a i n   c o r r e s p o n d i n g  to 41;  

p l e t e   i n t e g r a l   c a n  be w r i t t e n  as 

1 

YO 
t h e  com- 

where t h e   i n i t i a l   s t r a i n   m a t r i x  i s  
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4.5.4 C ommen t s 

0 The shear   panel  i s  a v a i l a b l e   i n   t h e  OUT-OF-PLANE module 

0 T h e  e l emen t   can   cu r ren t ly   be   e l a s t i c   on ly  

0 The e lement ,   has   no  thermal   capabi l i ty  

e Force  output i s  i n  terms  of  the  shear  flows  and  normal 

fo rces  

4.6 Revolved  Triangular  Ring  Element 

4.6.1 In t roduct ion  

T h e  revolved  r ing  e lement  i s  used  to   descr ibe  three dimen- 

sional  axisymmetric  bodies  subjected  to  axisymmetric  loads.  T h e  

element i s  two d imens iona l   in   tha t   there  i s  no v a r i a t i o n  of 

stress o r   s t r a i n   i n  t h e  c i r c u m f e r e n t i a l   d i r e c t i o n .  However, the 

s t r a i n s  and s t r e s s e s   i n   t h e   c i r c u m f e r e n t i a l   d i r e c t i o n  must  be 

considered as they  are   induced by rad ia l   d i sp lacements  and 

anisotropy.  

The element i s  an   o r thot ropic   t r iangular   r ing   e lement  simi- 

l a r   t o   t h a t   d e s c r i b e d   i n   t h e   l i t e r a t u r e   ( s e e ,   f o r  example, 

Ref .   45) .   Figure 19 depicts  the  element  along w i t h  t he   p r inc ipa l  

m a t e r i a l   d i r e c t i o n s .  

4.6.2 Displacement  Assumptions 

The element i s  charac te r ized  by a l inear   d i sp lacement   as -  

sumption,  independent of t h e   c i r c u m f e r e n t i a l   d i r e c t i o n ,   i . e . ,  

= a l  + a r + a z  r 2 3 

= a 4  + a r + a z  
Z 5 6 

8 = a 7  8 9 + a r + a z  
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0 t Z  
@ 2 0 

Fig.  1 9  Revolved  Triangular  Ring  Element  and 
P r i n c i p a l  Material Direct ions 

€ Z Z  
= u  

ZYZ 

where 

( € 1  = LEt@ E zz E rr 'rz 'r 8 ze J E 

T 
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and 

[ B l  = 

‘ l / r  1 z / r  0 0 0 0 0 0 

~0 0 0 0 0 1  0 0 0 

0 1 0 0 0 0  0 0 0 

0 0 1 0 1 0  0 0 0 

0 0 0 0 0 0 -l/r 0 - z / r  

- 0  0 0 0 0 0  0 0 1 

From E q .  (111) we can   de te rmine   [a )   in   t e rms  of t h e  nodal d i s -  

placements 

( 4  = [Al[u)  (114)  

where 

i j u  k i j u  k i j k T  
( 4  = p r  U r r U U Z Z Z e e ue J U U 

and 

T h i s  leads t o  an expression of s t r a i n  i n  terms of the  independent 

degrees of freedom  (nodal  displacements), 

[ E )  = [ W I C U )  (115) 

where [W] = [B][A]. 
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4 . 6 . 3  S t i f f n e s s  Matrix 

In t eg ra t ing   t he  e las t ic  s t r a in   ene rgy   ove r   t he  whole r i n g  

element 

where [E] can  be  expressed  as   the  difference  between  the  total  

s t r a i n  and i n i t i a l   s t r a i n  

{ € I  = k T 1  - CE03 

and us ing   the   p r inc ip le  of v i r t u a l  work we a r r i v e   a t   t h e   s t i f f -  

ness  matrix 

where [ E ]  i s  the   ma t r ix   o f   e l a s t i c   cons t an t s  (see Section 

4 . 6 . 7 ) .  

I n   o r d e r   t o   i n t e g r a t e  E q .  (117)  we must  i n t e g r a t e  t h e  f o l -  

lowing  quant i t ies  

1 drdz = I2 

1 1 7  



over t h e  a r ea  of t h e  e lement ,   as  shown i n  F ig .  20.  T h i s  i n t eg ra -  

t ion   can   be   car r ied   ou t   as   fo l lows  

s f ( r , z )d rdz  

A 

(c r=rk 

('r.= r i 

where 

r z   - r z  n m   m n  n m 

n m n m 

z - z  
A = -  
mn r - r  mn r - r  , B  = - 

Z k 

Fig .  20 I n t e g r a t i o n  L i m i t s  
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I 
- ~~ ~ ~ ~~ 

Car ry ing   ou t   t h f s   i n t eg ra t ion  we a r r i v e   a t  

I1 = (Aji  - Aik) log  ri + (Akj  - A .  .) log r + (Aik - A .) log rk 
J 1  j kJ 

+ Bij (ri - r . )  + B (r - rk )  + Bik(rk - r i )  
J j k  j 

2 2 2 2 2 2 I2 = ( ( A j i -  Aik) log ri+ (A - A .  a )  log r .  + (Aik'  Akj)  log  rk]/2 
k j  J =  . J 

+ AikBik(rk - r i )  + A k j  B k~ . ( r  j - rk )  + A j i B j i ( r i  - r j )  

2 2  2 2 2  2 2 2  2 + {Bik(rk - r i )  + B (r - rk )  + Bji(ri  - r j ) ] / 4  k j  j 

3 3 3 3 3 3 I3 = c (Aj - Aik) log ri + (A - A .  .) log r .  + (Aik - Akj)  log rk) /3  
k j  J =  J 

2 2 2 + AikBik(rk - r i )  + A k j  B k j  ( r  j - rk )  + AjiBji(ri - r j )  

2 2  2 2 2  2 2 2  2 + (AikBik(rk - r i )  + A B . ( r  - rk) + AjiBji(ri - r j ) ) / 2  
k j  k~ j 

3 3  3 3 3 3 3  3 + (Bik(rk - r . )  1 + B3 ( r  - rk)  + B ? i ( r i  - r j ) ] / 9  
kj j 

TWO s p e c i a l   c a s e s   a r i s e .  One  when rm = 0 w h i c h  a f f e c t s   t h e  

terms  involving ( A j i  - A .  .)  log ri. Using  L 'Hopital ' s   rule   the 
l i m i t  of  these  terms is zero  and  can  be  taken  into  account by 

omitting  the  logarithmic  terms  from Ily 12, and 13. The 

second   spec ia l   ca se   a r i s e s  when r 
n o t   i n t e g r a t e  Over the   a rea   under  i - k .  T h i s  can  be  accomplished 

by s e t t i n g  Aik - - Bik = 0 i n  IlY 12) and 13. These  points 
are   covered  in   Ref .  45. Note t h a t  in the   express ion   for  I1 

n n 
=J 

i = 'k i n  w h i c h  case we do 

B . . ( r  - r . )  + B ( r  - 'k) + Bik('k - 'i) = 0 
IJ i J j k  j 

119 



except   for   the  case i n  w h i c h  r = rk i n  w h i c h  case i 

B... ( r  - r . )  + B (r - r k )  + Bik(rk - r i )  = z IJ i J j k  j i - 'k 

4.6 .4  I n i t i a l   S t r a i n   M a t r i x  

T h e  p l a s t i c   l o a d   v e c t o r  i s  given by 

where  [k*] i s  t h e   i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x  and ( c 0 }  i s  

t h e  vec tor  of p l a s t i c   s t r a i n s   t a k e n   t o  be cons t an t  w i t h i n  t he  

element  and  evaluated a t  the cen t ro id .  

T h e  i n t e g r a t i o n   a s s o c i a t e d  w i t h  t h e   i n i t i a l   s t r a i n   m a t r i x ,  

E q .  (119), can  be  found by eva lua t ing   t he   i n t eg rand   a t   t he   cen -  

t r o i d ,   i . e . ,  

J 
V 

where A i s  t h e   c r o s s   s e c t i o n a l   a r e a ,  F i s  the   cen t ro ida l  

p o i n t ,   i . e . ,  F = (ri + r .  + r k ) / 3  and [ W I T  i s  t h e  [ W I T  

ma t r ix   eva lua ted   a t   t he   cen t ro id .  
J 

4.6 .5  St re s s   Ca lcu la t ion  and Evaluat ion of P l a s t i c   S t r a i n s  

Stresses a n d   p l a s t i c   s t r a i n s   a r e   c a l c u l a t e d   a t   t h e   c e n t r o i d  

of the  element. A l l  c a l cu la t ed   quan t i t i e s   such  as s t r e s s , p l a s t i c  

s t r a i n ,   s h i f t   i n   y i e l d   s u r f a c e ,   e t c . ,   a r e   o u t p u t   i n   t h e   p r i n c i p a l  

d i rec t ion   of   o r tho t ropy  as def ined by the  angle  f3 ( see   F ig .  1 9 ) .  
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4 . 6 . 6  Thermal S t r e s s   Ca lcu la t ions  

Orthotropic  t h e r m a l  stress ca l cu la t ions   a r e   a l l owed .   D i f -  

fe ren t   thermal   coef f ic ien ts   o f   expans ion  may be   i npu t   i n   t he  

p r i n c i p a l   d i r e c t i o n s  of orthotropy.  Temperatures  are  input a t  

nodes.  Since a cons t an t  t h e r m a l  s t r a i n   d i s t r i b u t i o n  i s  assumed 

wi th in   the   e lement ,   the   t empera tures   a t  each of the  three  nodes 

are   averaged.  T h i s  average  value i s  assumed to  hold  throughout 

the  element.  The thermal   load  vector  i s  obtained by mult iplying 

the   t he rma l   s t r a ins  by t h e   i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x  

where 

4.6.7 Mate r i a l   P rope r t i e s  

We assume  an o r tho t rop ic   ma te r i a l  whose p r i n c i p a l   d i r e c t i o n s  

(1, 2 ,3)   cor respond  to  (1, 2 ,  r )  as shown i n   F i g .  19. We can 

t h e n   e x p r e s s   t h e   s t r e s s - s t r a i n   r e l a t i o n s h i p   i n   t h e   p r i n c i p a l   d i -  

r e c t i o n s  

where  corresponds  to   the  pr incipal   d i rect ion whose components 

a r e  111, 2 2 ,  rr, r 2 ,  r l ,  121 and 
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We now express   the   s t resses  and s t r a i n s  i n  the  global   coordinates  

a s  

where 

2  2 cos f3 s i n  @ 0 0 0 - s in@ cos@ 

2  2 s i n  B cos @ 0 0 0 sinB cos@ 

0 0 1 0 0 0 

0 0 0 cos@  s in@ 0 

0 0 0 -sinB COSB 0 

[ R l  = 

- 2  sinB  cos@ -2 s in@ cos@ 0 0 0 (cos B - s i n  p ) ,  2 2 
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I n  t h e  cu r ren t   ve r s ion   o f  t h e  REVBY program f o r   s t r a i n  

ha rden ing   ma te r i a l s   on ly   i n i t i a l ly   i so t rop ic   ma te r i a l   behav io r  

can   be   spec i f i ed   i f  a p l a s t i c   a n a l y s i s  i s  des i red .  E i t h e r  a 

l i n e a r  or nonl inear   hardening law may be  chosen.   For   ideal ly  

p l a s t i c   m a t e r i a l s ,   i s o t r o p i c   o r   o r t h o t r o p i c   p l a s t i c   m a t e r i a l  

p rope r t i e s  may be   spec i f ied .  A t  t h e  end of each  half-cycle  t h e  

p l a s t i c   m a t e r i a l   p r o p e r t i e s  may be  changed. 

T h e  t he rma l   coe f f i c i en t s  of  expansion may b e   s p e c i f i e d   t o  

b e   o r t h o t r o p i c   i n   t h e   p r i n c i p a l   d i r e c t i o n s .  T h e s e  may n o t  be 

changed a t   t h e  end  of  each  half-load  cycle. 

4.6.8 Loads 

Concentrated  and  Line  Loads - Externa l   nodal   forces  [F,] 

a re   expressed  i n  fo rce   pe r   un i t   l eng th  of circumference  except 

a t  r = 0. The t o t a l   l o a d   a p p l i e d  i s  therefore  27rr[Fi}. A t  

r = 0 the re  must  be Fr = Fo = 0 ,  and FZ r e p r e s e n t s   a c t u a l  

f o r c e ,   i n  pounds for  example,  

Surface  Tract ions - Dis t r ibu ted   sur face   force /uni t   a rea   can  

be   spec i f i ed   a t   nodes   i n   t he  r ,  z ,  and 8 d i r e c t i o n s .  If we 

assume a l i n e a r   v a r i a t i o n  of t r a c t i o n   a c r o s s   t h e   f a c e ,   i . e . ,  

p = a + b l  (Fig.  21) ,  we a r r i v e   a t   t h e   c o n s i s t e n t   l o a d   v e c t o r  

where pi c o r r e s p o n d s   t o   t h e   t r a c t i o n   a t  node i. 

Note: A l l  loads  are  incremented  proportionally  from t h e  c r i t i c a l  

load. 

L 
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Fig .  2 1  Dis t r ibu ted   Sur face   Forces  

4.6.9  General Comments 

0 Note t h a t  f o r   o r t h o t r o p i c  material  p rope r t i e s ,  t h e  R-Z 

axes  and  the  axes of p r inc ipa l   o r tho t ropy  m u s t  be   co inc ident ,  

i . e .  , no  ro ta t ion   about  t h e  8-axis  i s  allowed. 

a T h i s  element i s  a v a i l a b l e   i n  t h e  REVBY module. 

4 . 7  Membrane Tr i ang le s  

4 .7 .1  In t roduc t ion  

The  membrane t r i a n g l e s   d e s c r i b e d   i n  t h i s  s e c t i o n  are c l a s s i -  

f i e d   i n t o  t h e  fo l lowing   th ree   ca tegor ies :  1) 3-node cons t an t  

s t r a i n ,  2)  6-node l i n e a r   s t r a i n ,  and 3 )  4-  and 5-node hybrid 

elernents. The  terms c o n s t a n t ,   l i n e a r ,   a n d   h y b r i d   r e f e r   t o   t h e  
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s t r a i n   d i s t r i b u t i o n s  t h a t  e x i s t   i n   t h e   e l e m e n t   a s  a consequence 

of  choosing  an  assumed  displacement  variation. A b r i e f   d e s c r i p -  

t ion   o f  t h e  e lements   assoc ia ted  w i t h  these   th ree   ca tegor ies  

f o l l m s .  

Cons tan t   S t r a in   T r i ang le  (CST) - T h i s  well-known plane 

s t r e s s  membrane element i s  one  of the  most  widely  used  elements 

f o r   t h e   i d e a l i z a t i o n   o f  membrane s t r u c t u r e s .  I t s  de r iva t ion  i s  

based on the  assumption of a l i nea r   d i s t r ibu t ion   fo r   t he   i n -p l ane  

displacements u and v,   and  consequent ly ,   leads  to  a cons tan t  

s t r a i n   s t a t e   w i t h i n   t h e   e l e m e n t .  Each v e r t e x  i s  allowed two de- 

grees  of  freedom  (the  in-plane  displacements u and v )   f o r  a 

t o t a l  of s ix   deg rees  of  freedom for   the  e lement .   Consis tent  w i t h  

t h e   t o t a l   s t r a i n   d i s t r i b u t i o n ,   t h e   i n i t i a l   s t r a i n s   ( p l a s t i c  

s t r a i n s )   a r e  assumed to   be  constant   within  each  e lement .  S t i f f -  

ness  and i n i t i a l   s t r a i n   m a t r i c e s  have  been  developed  and  success- 

fu l ly   u sed   i n   Re f s .  6 ,  8 ,  and 30. 

L inea r   S t r a in   T r i ang le  (LST) (Fig. 2 2 )  - In   regions of high 

s t r a i n   g r a d i e n t ,   t h e  CST t r i a n g l e  i s  n o t  s u f f i c i e n t l y   a c c u r a t e   t o  

be  used i n  a p l a s t i c i t y   a n a l y s i s   u n l e s s  a v e r y   f i n e   g r i d  i s  e m -  

ployed. The l i n e a r   s t r a i n   t r i a n g l e  (LST) remedies t h i s  sho r t -  

coming  of the CST element. The assumption  of a quadra t i c   d i s -  

t r ibu t ion   for   the   in -p lane   d i sp lacements   a l lows   for  a l i n e a r  

s t r a i n   v a r i a t i o n   w i t h i n   t h e   t r i a n g l e .  Two degrees of freedom a t  

each  node (u,v)  for  each  of  the  six  nodes  ( three  vertex  and 

three  midside  nodes)  give t h i s  element a t o t a l  of 12  degrees  of 

freedom. The  i n i t i a l   s t r a i n s   a r e  assumed t o  be  constant  w i t h i n  

each  element  and  are  evaluated a t   t h e   c e n t r o i d .  Both s t i f f n e s s  

and i n i t i a l   s t r a i n   m a t r i c e s  have  been  developed  and  successfully 

used  in   Refs .  8 and 30. 

125 



Fig .  22 Linea r   S t r a in   T r i ang le  

Hybrid  Triangles (HST) - I n   t r a n s i t i o n   r e g i o n s ,  i . e .  , re-  

g i o n s   i n  w h i c h  stresses and s t r a i n s  change  from rapid ly   vary ing  

to   s lowly   va ry ing ,  i t  becomes conven ien t   and   e f f i c i en t   t o  s w i t c h  

from l i n e a r   s t r a i n   t r i a n g l e s  t o  c o n s t a n t   s t r a i n   t r i a n g l e s .  T h i s  

i s  accomplished by us ing   four -and   f ive-node   t r iangles   to  ma in -  

t a i n   c o m p a t i b i l i t y  w i t h  both  the CST and LST elements.  These 

elements   together  w i t h  the  CST and LST elements   were  or iginal ly  

used  in   Ref .  i+ and are  r e f e r r e d   t o  as t h e  TRIM 3 through TRIM 6 

family.   For  these mixed formulat ion  hybrid  e lements ,   the   dis-  

placements  along  edges may va ry   quadra t i ca l ly   o r   l i nea r ly ,   de -  

pending on whether  an LST o r  CST t r i a n g l e  i s  cont iguous   to  t h e  

r e s p e c t i v e   s i d e s .   A g a i n ,   t h e   p l a s t i c   s t r a i n   d i s t r i b u t i o n  i s  

assumed constant   within  each  e lement .  
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4.7.2 Displacement  Assumptions 

Using a loca l   cen t ro ida l   coord ina te   sys tem w i t h  the  x-axis  

p a r a l l e l   t o   s i d e  1-2 shown i n   F i g .  22 ,  t h e  in-plane  displace-  

ments u and v may be  wri t ten  in   terms  of   the  area  coordinates  

cu2 Y and w3. 

u = Wl(2Cul - l ) U l  + cu2(2Cu2 - l ) u 2  + cu3(2cu3 - l ) u 3  

(12 5 )  + 4cu2cu3U4 + 4cu cu u + 4Lu1Cu2U6 3 1. 5 

o r   i n   m a t r i x  form as u = [N][uo}  where [ N ]  i s  a mat r ix  of 

shape  funct ions  represent ing  the assumed d i sp lacemen t   f i e ld  

within  the  element.  

The terms ui (i = 1-6)  r e fe r   t o   noda l   d i sp l acemen t s   a t   t he  

v e r t e x  and  midside  nodes,   the  subscript  o r e f e r s  t o  t h e  nodal 

displacements,  and the   a rea   coord ina tes   a re   wr i t ten  i n  terms  of 

t he   l oca l   x ,y   coo rd ina te s   i n   t he   fo l lowing   ma t r ix  form 

or 

2A1 bl  al 1 

i. x ,, 
\ r  

! Y i  

An expres s ion   s imi l a r   t o  E q .  (125) can   be   wr i t ten   for   the  v 

component  of displacement.  T h e  p a r t i c u l a r  form  of E q .  (125) 
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r ep resen t s  a quadra t ic   po lynomia l   in  the coord ina te   va r i ab le s  x 

and y and  consequently i s  a s soc ia t ed  w i t h  t h e  s i x n o d e  LST 
element.  A l i nea r   po lynomia l   r ep resen ta t ion  of t h e  d i sp lace-  

ments (CST element) i s  obtained  from Eq. (125) i f  we enforce  the 

fol lowing  condi t ions 

u4 = +(u +u ) ; u5 = +(u +u ) ; U6 = +(u +u ) 2 3  3 1  1 2  

The  hybrid (HST) element i s  obtained by enforcing  any  one,  or 

two,  of the  above  conditions.  

4.7.3 St i f fnes s   Ma t r ix  

Neglect ing  the  effects   of   large  geometry  changes,   the   s t ra in  

d isp lacement   re la t ions   a re   de te rmined  by applying  the  appropriate  

d i f f e r e n t i a l   o p e r a t o r  on t h e  d i sp lacement   func t ions   as  

The s t ra in-nodal   d i sp lacement  

i n   m a t r i x  form a s  

r e l a t i o n s  may be  represented 

For   the LST and HST element  the [ W ]  a r r a y  i s  a l i n e a r  com- 

b ina t ion  of t he   coord ina te   va r i ab le s  x and y and may be 

w r i t t e n   a s   t h e  sum of the  following  terms 

L L J 
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' w h e r e  m may be 8 ,  10,  or 12.  Note t h a t   t h e  [ W ]  a r r a y  w i l l  

~ vary w i t h  the number of  nodes  used  for  the  element.  For  example, ' for   the  four-node  e lement ,   appropriate   t ransformations  associ-  

a t e d  w i t h  the  displacements  remmed  from two of t h e  three  midside 

nodes must  b e   a p p l i e d   t o   t h e   f u l l  (3x12) [W] a r r a y   t o   o b t a i n  

t h e  correspondingly  reduced  (3x8)  array.   Correspondingly,  

the  s t ra in-nodal   displacement   equat ion  for   the CST element i s  

represented by an  expression  of  the  form  of  Eq.  (127) w i t h  

[WI = Cwol 
3 a6 

The local   s t i f fness   matr ix   for   an  e lement   of   uniform  thick-  

ness  i s  represented   in   the   fo l lowing  form 

where [E] i s  t h e   a r r a y  of e l a s t i c   c o e f f i c i e n t s   r e l a t i n g   s t r e s s  

and s t r a i n  components i n   l oca l   coo rd ina te s .  

For t he  LST and HST elements  the form fo r  [ W ]  given i n  

Eq.  (129)  leads to   the  fol lowing  expression f o r  t h e   l o c a l   s t i f f -  

ness   matr ix  

where m = 8,  10: or  12 .  S imi la r ly ,   for   the  CST element  the 

expression  for  Lk] reduces   to  
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The  loca l   s t i f fnes s   ma t r i ces   [k ]   a r e   t hen   t r ans fo rmed   t o  

global coordinates  by premult iplying them by [ T I T  and  post- 

mult iplying by [ T I ,  where  [TI  transforms t h e  displacements 

f r m   l o c a l   t o   g l o b a l   q u a n t i t i e s .  

4.7.4 Geometr ic   St i f fness   Matr ix  

For two dimensional  planar  problems i t  i s  conjec tured   tha t  

large  geometry  changes  (e.g. ,   localized  near a c r a c k   t i p )   a r e  

bas i ca l ly   t hose   i nvo lv ing   l a rge   ro t a t ions .   Add i t iona l ly ,   t he  

presence  of  large membrane s t r e s s e s   s i g n i f i c a n t l y   a f f e c t s   t h e  

ou t -o f -p l ane   s t i f fnes s  of these  elements when they   a re   used   for  

b u i l t - u p   s t r u c t u r e s .  T h i s  i s  important i n  analyzing  large  de-  

f l e c t i o n  and s t a b i l i t y  problems. On t h i s  bas i s ,   t he   i nc lus ion  

o f   sma l l   s t r a in ,   l a rge   ro t a t ion   e f f ec t s   (geomet r i c   non l inea r i ty )  

i s  effected  through  the  use  of   the   fol lowing  nonl inear   incre-  

mental   strain-displacement  equations 

where A represents   an  incremental  

s t a t e s  of   the  loading  his tory,  and 

?Aw AAW 
Ax >y 
" 

change  between two adjacent  

(135) 
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The displacement w i s  i n   t h e   l o c a l   z - d i r e c t i o n .  The d i s -  

placement  assumption  used  for w i s  the  same a s  t h a t  used  for  u 

and v in   corresponding  e lements .  

The  nonlinear  terms of Eq. ( 1 3 4 )  g ive   r i s e   t o   t he   geomet r i c  

( o r   i n i t i a l   s t r e s s )   s t i f f n e s s   m a t r i x .  I ts  local   form may be 

represented   as   fo l lows   for   an   e lement  of uniform  thickness 

The mat r ix  [a] i s  used t o   e x p r e s s   t h e   r o t a t i o n s   i n   t e r m s  of 

nodal  displacements , e .g. , 

where  [nuo) now includes  the w terms and [X] i s  , using a 

convected  coordinate  (updated  geometry)  approach  for  the  solu- 

t ionof  geometric  nonlinear  problems  merely  an  array of  s t r e s s  

r e s u l t a n t s  N N  for  each  element  (or  node). 

C e n t r o i d a l   v a l u e s   o f   t h e   s t r e s s   r e s u l t a n t s   a r e   u s e d   i n   a l l  

Nx’  y’  xyy 

order  elements.  The loca l   geomet r i c   s t i f fnes s   ma t r i ces  of 

Eq. (136) are   then  t ransformed  into  the  global   system by pre- 

mul t ip ly ing  them by [ T I T  and postmult iplying them by [ T I .  

4 . 7 . 5  I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

The t r e a t m e n t   o f   p l a s t i c i t y   w i t h i n   t h e  PLANS system  requires  

the  incorporation  of two basic   assumptions.  The f i r s t  i s ,  i n  
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de,termining t h e  e f f e c t s  of p l a s t i c  flow wi th in  a body, p l a s t i c  

s t r a i n s   a r e   i n t e r p r e t e d   a s   i n i t i a l   s t r a i n s ;   t h e   s e c o n d  i s  t h a t  

t o t a l   s t r a i n s   ( o r  t h e i r  increments) may be  decomposed i n t o  

e l a s t i c  and p l a s t i c  components. The l o c a l   i n i t i a l   s t r a i n   m a t r i x  

tha t   appea r s   i n   t he   equ i l ib r ium  equa t ions  may be w r i t t e n  i n  

terms of prev ious   var iab les  as 

A 

where [N*] r ep resen t s   t he   ma t r ix  of shape  functions  used  to  de- 

s c r ibe   t he  assumed p la s t i c   s t r a in   va r i a t ion   w i th in   an   e l emen t .  

If we choose t o   c o n s i d e r   t h e   p l a s t i c   s t r a i n   s t a t e   a t   t h e   c e n t r o i d  

of   the  e lement   as   representat ive  for   the  e lement   ( regardless   of  

t h e   t o t a l   s t r a i n   v a r i a t i o n )   t h e n  Eq.  (138) may be w r i t t e n   a s  

[k 1 = Ah[W1][E] 
* 

mo3 

where m = 8 ,  10,  or 1 2  f o r   t h e  LST and HST elements,  and 
* 

[ k 1 = Ah[Wol[El  (140)  
6 e3 

f o r   t h e  CST element.  

P l a s t i c .  Load Vector - The p r o d u c t   o f   t h e   i n i t i a l   s t r a i n  

matr ix  and t h e   v e c t o r   o f   p l a s t i c   s t r a i n s   r e p r e s e n t s   t h e   " e f f e c -  

t i v e "   p l a s t i c   l o a d   f o r   t h e   s t r u c t u r e .  T h i s  load i s  appl ied  i n  

addi t ion  to   the  prescr ibed  set   of   mechanical   loads  to   determine 

the  displacemell t   s ta te .  The aforementioned  product i s  determined 

a t   t h e   e l e m e n t   l e v e l ;   t h a t  i s ,  r a the r   t han   a s sembl ing   an   i n i t i a l  

s t r a i n   c o e f f i c i e n t   m a t r i x   f o r   t h e   e n t i r e   s t r u c t u r e  and mult iply-  

i ng  by the   vec to r   o f   p l a s t i c   s t r a ins ,   t he   vec to r   p roduc t  of  the 
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e l e m e n t   i n i t i a l   s t r a i n   m a t r i x  and p las t ic  s t r a ins   fo r   t he   e l emen t  

i s  assembled  for t h e  e n t i r e   s t r u c t u r e .   T h u s ,   t h e   l o c a l   p l a s t i c  

load  vector  may be  represented  in  the  following  form 

N 
(Q) = [k*Ii 

i=l m.3 

where m = 6 ,  8 ,  10, o r  1 2 ,  N = number of p l a s t i c   e l emen t s ,  

and ex ,  E' and P represent   p las t ic   s t ra in   components .  

T h i s  vector  i s  then  premultiplied by [ T I T  to   t ransform i t  t o  

global   coordinates .  

Y '  ?XY 

4.7.6 St re s s   Ca lcu la t ions  

The t o t a l   s t r a i n s   f o r   e a c h   e l e m e n t   a r e   e v a l u a t e d   a t   t h e  

cen t ro id   u s ing   t he   s t r a in -d i sp lacemen t   r e l a t ions   p rev ious ly   d i s -  

cussed. F o r  small deformat ions   the   l inear   re la t ion  becomes 

where m = 8 ,  10, or 

f o r  t h e  C-ST element. 

l e )  = [w1lCu0) (142)  
3. m 

1 2  fo r   t he  LST and HST elements, and 

le1 = [w03Cu,3 ( 1 4 3 )  
306 

Once aga in ,   no te   t ha t  [W,] w i l l  vary  de- 

pending on the  value of m. 

The non l inea r   con t r ibu t ion   t o   t he   s t r a ins ,   a s   exp res sed  i n  

E q .  (134)   requires   the [a] a r r a y   t o  be  evaluated a t  the  cen- 

t r o i d .   S t r e s s e s  and p las t ic  s t r a i n s   a r e   a l s o   e v a l u a t e d   a t   t h e  
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c e n t r o i d   f o r  LST, HST, and CST elements.  Although t h e  s t r e s s e s  

i n  an LST or  HST element  are  not  uniform,  but  vary  from node t o  

node wi th in   an   e lement ,   the   cen t ro ida l   va lue  i s  used   to   repre-  

s e n t   t h e  stress s t a t e  of t h e  element.  The p l a s t i c   s t r a i n s ,  on 

t h e  other   hand,   are  a p r i o r i  assumed t o  be cons tan t   wi th in   the  

element   regardless  of the  element  type  (e.g. ,  LST, HST, or CST). 

It should  be  noted  that   using a cons t an t   cen t ro ida l   va lue  of 

s t r e s s   f o r   t h e  LST and HST elements   does  not   degrade  the  s t i f f -  

nes s   i n f luence   coe f f i c i en t s   fo r   t hese   e l emen t s . '  It does,  h m -  

ever ,   in f luence   the   nonl inear   response   o f   the   s t ruc ture   in   tha t  

p l a s t i c   s t r a i n s   a r e   d e t e r m i n e d  from t h e s e   s t r e s s e s .  The inaccu- 

r a c i e s   a s s o c i a t e d  w i t h  u s i n g   c e n t r o i d a l   s t r e s s e s  i s  most  pro- 

nounced in   r eg ions   o f   r ap id   s t r e s s   g rad ien t s .  

4.7.7 Thermal S t r e s s   Ca lcu la t ions  

Nodal temperature  input i s  converted  to  average  element tem- 

pera tures  and subsequen t ly   t o   cen t ro ida l   t he rma l   s t r a ins   fo r  LST, 

HST, and CST elements .   Orthotropic   thermal   coeff ic ients   of  ex- 
pansion may be   spec i f i ed   i n   t he   p r inc ipa l   ma te r i a l   d i r ec t ions  of 

or thotropy.  The thermal   load  vector  i s  determined  in   the same 

manner a s   t he   p l a s t i c   l oad   vec to r ,   e .g . ,   a s   t he   p roduc t  of the  

i n i t i a l   s t r a i n   m a t r i c e s  and  the  vector of t he rma l   s t r a ins   fo r   t he  

element  and summed over a l l   t h e   e l e m e n t s  of t h e   s t r u c t u r e .  

4.7.8 Mater ia l   Proper t ies  

All e l a s t i c   m a t e r i a l   p r o p e r t i e s   a r e   c o n s t a n t  w i t h i n  t he   e l e -  

ment and a r e  assumed t o  be  temperature  independent.  Orthotropic 

p rope r t i e s  may be spec i f i ed  by def in ing   the   necessary   mater ia l  

cons tan ts   and   the   d i rec t ion   of   the   p r inc ipa l   ax is  of or thot ropy ,  

B ,  fo r   each   e l emen t .   In   gene ra l   t he   s t r e s s - s t r a in   r e l a t ion  may 
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I 
~ b e   w r i t t e n   i n   a n   a r b i t r a r i l y   r o t a t e d ,   o r t h o g o n a l ,   1 - 2   p l a n e  

(Fig.   22)   as  

where 

5 1  

0 

12 

c22 

0 

c11 = - v21v12) 

c12 = v12cl l  

IJ 2 1') 1 2 )  C22  = E Z / ( l  - 

c21 = v21c22 

c33 = G12 

2 
and CllC22 - C12 > 0 ,  El, E 2 ,  and G12 > 0 f o r  a p o s i t i v e   d e f i -  
n i t e   s t i f f n e s s .  

Thermal   coef f ic ien ts   o f   expans ion   in  t h e  1 and 2 d i r e c -  

t i o n s  may be  specified  independently.  

T1:e von M i s e s   y i e l d   c r i t e r i o n  i s  used   to   def ine   the  limits 

o f   e l a s t i c   b e h a v i o r   f o r   i s o t r o p i c   m a t e r i a l s .  H i l l ' s  y ie ld   condi-  

t i o n  i s  used   fo r   ma te r i a l s   hav ing   d i f f e ren t   y i e ld   s t r e s ses   i n   t he  

two or thogonal   g loba l   d i rec t ions .  T h i s  y i e l d   c r i t e r i o n   f o r   p l a n e  

s t r e s s  i s  wri t ten as 

where  
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G+H = 1 / X  

F+H = 1 / Y  

2 

2 

2 H  = 1 / X 2  + l / Y 2  - 1 / Z  2 

2 2N = 1 / T  

and X , Y , Z  r ep resen t   t he   no rma l   t ens i l e   y i e ld   s t r e s ses  i n  the 

1, 2 ,  and 3 d i r e c t i o n s ,   r e s p e c t i v e l y ,  and T i s  t h e   y i e l d  

s t r e s s   i n   s h e a r   i n   t h e  1-2 plane.  H i l l ' s  condi t ion ,  Eq. (134),  

reduces   to   the  von Mises y i e l d   c o n d i t i o n   f o r   i s o t r o p i c   y i e l d  

s t r e s ses .   Fu r the rmore ,   t he   fo l lming   cond i t ion  must  be enforced 

to   ensure  the  convexi ty  of t he   o r tho t rop ic   y i e ld   su r f ace  w i t h  

r e s p e c t   t o  t h e  o r i g i n   i n   s t r e s s   s p a c e  

1 1 2 
"" : ( + + ?  -'> > o  
X2Y2 X Y Z2 

Three   op t ions   a re   ava i lab le   to   descr ibe   the   nonl inear   mate-  

r i a l  behavior:  1) e l a s t i c - i d e a l l y   p l a s t i c ,  2 )  e l a s t i c - l i n e a r  

hardening,  and 3 )  e la s t i c -non l inea r   ha rden ing .   Fo r   t he   f i r s t  

option  only t h e  y i e l d   s t r e s s e s ,  X , Y , Z ,  and T need  be  speci- 

f ied.   For   hardening  behavior   the  kinematic   hardening  theory a s  

proposed by Prager  (Ref. 42)  and  modified by Ziegler  (Ref.  37) i s  

used  to   descr ibe  the  subsequent   hardening  behavior   of   the   mate-  

r i a l  beyond i n i t i a l   y i e l d i n g .   F o r   l i n e a r   h a r d e n i n g   t h e   s l o p e  of 

t h e   t e n s i l e   s t r e s s - p l a s t i c   s t r a i n   c u r v e  i s  spec i f i ed   ( t angen t  

modulus). I f   nonl inear   hardening i s  des i red   the  Ramberg-Osgood 

parameters (Ref. 38)  must be   spec i f ied   ( see   Sec t ion  3.4 f o r   f u r -  

t he r   d i scuss ion ) .  For or thotropic   kinematic   hardening  the 

Ramberg-Osgood parameters must  be spec i f i ed   fo r   each  of the 

t h r e e   s t r e s s  components. 
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I 4.7.9 Loads 

The following  mechanical  loads may be   appl ied   to   the  mem- 

brane  elements : 

0 Concentrated  forces  and moments appl ied  a t  spec i f i ed  

nodes i n  the   g loba l   d i r ec t ions   i n   t he   un i t s   o f   fo rce  

or   force   t imes   l ength .  

0 Distr ibuted  edge  loads  in   the  plane of the  element. 

These a r e  assumed t o   v a r y   l i n e a r l y  from  node t o  

ad jacent  node along  the  edge on w h i c h  the  load i s  

appl ied .  The magnitudes of the   loads   a re   spec i f ied  

i n  t h e   g l o b a l   d i r e c t i o n s   a t  each p a i r  of ad jacent  

nodes. 

The cons is ten t   load   vec tor ,  ( P ) ,  assoc ia ted  w i t h  t he   d i s -  

t r ibu ted   load   case  i s  determined  from  the  shape  function, [ N ] ,  

E q .  (125) Y 

J A  

4.7.10 Genera 1 C ommen t s 

0 The same assumed c o n s t a n t   p l a s t i c   s t r a i n   d i s t r i b u t i o n  i s  

u s e d   f o r   a l l  of  the  elements of the  membrane type (CST, HST, and 

LST). Although t h i s  d i s t r i b u t i o n  i s  compatible w i t h  t h e   t o t a l  

s t r a i n s ' i n  t h e  CST elements  only, i t  should  not  imtroduce a s ig-  

n i f i can t   deg rada t ion  of the  accuracy  associated w i t h  t h e  HST and 

LST elements.  

0 Centroidal   values  of s t r e s s e s  and s t r a i n s   a r e   u s e d   f o r  a l l  

the  e lements .  

1 3 7  



0 Al though   t he   s i t ua t ion   i l l u s t r a t ed   i n   F ig .  23 i s  allowed 

(no   e r ror  message t r igge red )  i t  i s  no t  recommended. The d i s -  

placement   f ie ld   a long t h e  common edge A-€3 from  each  of t h e  two 

adjacent  elements w i l l  not   be   compat ible .  

0 The appl icable   modules   for   these  e lements   are  BEND, OUT-OF- 

PLANE, and OUT-OF-PLANE-MG. They a r e   a l s o   a v a i l a b l e   i n  a s p e c i a l  

f r a c t u r e  module c a l l e d  FAST as   we l l   a s   i n   p re l imina ry   ve r s ions  of 

OUT-OF-PLANE designated  as  PLANE. 

quadratic  edge  displacement 
D 

C 

Fig.  23 Incompatible Edge Displacements Along A-B 
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4.8 Triangular   Flat   Plate   Element  - Bending - and Membrane - 
4.8.1 In t roduct ion  

T h i s  element i s  used   for   ana lyz ing   th in-wal led   s t ruc tures  

where local bending as we l l  as membrane e f f ec t s   a r e   impor t an t .  

The element i s  of cons tan t   th ickness ,   t r iangular   p lanform,  and 

has 1 2  degrees  of  freedom a t  each  node  (see  Fig. 2 4 ) .  It i s  

obtained by superposing t h e  Quadra t ic   S t ra in  Membrane Triangle  

of  Felippa  (Ref. 16) and  Tocher  and  Hartz  (Ref. 4 8 ) ,  w i t h  the 

2 
\ 

\ 
\ 

1 
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quin t ic   d i sp lacement   bending   t r iangle   o f  Bell  (Ref. 47) and 

Cowper e t  a l .  (Ref. 50). The loca l   coord ina te   sys tem i s  def ined 

a t  t h e  centroid  of  t h e  element. The loca l   x -ax i s  i s  p a r a l l e l  

t o   t h e  1-2 edge. The  l oca l   y -ax i s  i s  perpendicular   to  t h e  

x-axis  and i n  t h e  plane of t h e  element. The loca l   z - ax i s  i s  

perpendicular t o  both of these  axes .  

4.8.2  Displacement  Assumptions 

3 u = a + a x + a2y + ... 
0 1 + a l O Y  

v = b + blx + b2y + ... 
0 + b10Y3 

3 5 w = c + ZIX + c y + ... + cloy + ... 
0 2 c21y 

The in-plane  displacements  u,v  are  complete  cubic  poly- 

nomials. T h e  20 undetermined  coeff ic ients   (a i  and b . )  a r e  

r e l a t ed   t o   noda l   deg rees  of  freedom  through  the  matrix [A,] . 
1 -1 

These   nodal   quant i t ies   a re  u i '  v i '  u , v u v where 
Y X i  Y X i  Y Y i  ' Y i  

i = 1, 2 ,  3 ,  and ucyvc ,   the   cen t ro ida l   d i sp lacements  

The 20 in-plane  degrees  of freedom  associated w i t h  u and 

v are   reduced  to   18  in-plane  ver tex  nodal   degrees  of freedom 

by Gaussian  e l iminat ion  (equivalent   to   s ta t ic   condensat ion)  of 

the  centroidal  degrees  of  freedom u The remaining  nodal c ,vc 
degrees  of  freedom  are u v 8 E E E where 8 i' i' z i x i ' Y i  X Y i  

z i 
i s  the   l oca l   ro t a t ion   abou t   t he   z - ax i s ,  8 = =$(-hui/hy + 

Z i 

hvi/2x)  are  the  tensor components  of the  membrane s t r a i n s .  
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The out-of-plane  displacement w i s  a comple te  q u i n t i c  

polynomial i n  x’y. The 2 1  c o e f f i c i e n t s  (ci) a r e   r e l a t e d   t o  

the  vertex  nodal  degrees  of  freedom w w w w i’ yx2 ’ Y,. 

W ’ W  , and t h e  normal   midside  nodal   rotat ions w 
3 YY; Y XY; Y n, 

L L -1 L 

through t h e  matrix [Ab] 

T h e  2 1  degrees  of  freedom  are  reduced  to 18 by r equ i r ing  

that  the  normal  slopes  vary  cubically  along  an  edge  (see  Ref.  49)’ 

t h u s  e l imina t ing   the   th ree   normal   s lopes   a t   the   mids ide   nodes .  

The local  bending  degrees of  freedom  remaining a t  each  ver tex 

node a r e  w 8 = w , 8 = - w  and K = w  i’ x i 9 Y i  Y i  ’ X i  X i +xi yi 

’YYi X Y i  ’ X Y i  

, K  = 

W J K  = w  

The bending  and membrane s t i f fnes ses   a r e   t hen   supe rposed   t o  

obta in  a 36 degrees of freedom  element w i t h  the   fol lowing 

1 2  local  degrees  of  freedom a t  each  node u ,  v ,  w, 0 8 tj x’  y ’  z ’  
€ E €  K K K  x’ y’  xy’ x’ y y  xy’ 

4.8.3 Formation  of  Stiffness  Matrix 

The membrane and  bending s t i f f n e s s   m a t r i c e s  may be w r i t t e n  

a s  
r 
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Here h i s  t h e  p l a t e   t h i ckness ;  [Wm]  and [Wb] are t h e  

matrices r e l a t i n g  t h e  s t r a ins   t o   noda l   pa rame te r s  as 

and [ C ]  i s  t h e  condensation  matrix  for  the  bending  component. 

[ E ] ,  t h e  m a t r i x   o f   e l a s t i c   c o n s t a n t s   r e l a t i n g   s t r e s s   t o   s t r a i n ,  

i s  discussed more f u l l y  i n  t h e  s e c t i o n  on material  p r o p e r t i e s .  

Af te r   format ion   of   the   fu l l  20 degrees  of  freedom membrane 

s t i f f n e s s  matrix i t  i s  reduced  and  reordered. T h e  a r ea   i n t eg ra -  

t ion  for   bending  and membrane i s  performed  using  Gauss-Legendre 

i n t e g r a t i o n  of fourth  order .  

4.8.4 Formation of Geometr ic   St i f fness   Matr ix  

The geomet r i c   s t i f fnes s   ma t r ix  was developed  to  be  used w i t h  

an  updated  coordinate  system  approach  (Ref.  26 )  for   so lv ing   geo-  

met;:ic nonl inear   problems.   Small-s t ra in   moderate   rotat ion  as-  

sumptions  were made to   a r r ive   a t   t he   s t r a in -d i sp lacemen t   equa -  

t ions  used.   These  are  
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m aU av aw aw + -  +" 
yXY x ay ax ax ay = e  

XY 
= -  

b b b 
E = -zw y E = -2w 

X Y XX Y ¶ YY yxy = -2zw 
Y XY 

where cu cu and cu a r e   i n f i n i t e s i m a l   r o t a t i o n s .  x y  y y  Z 

The component  of t h e   g e o m e t r i c   s t i f f n e s s   t h a t   a f f e c t s   t h e  

bend ing   s t i f fnes s  i s  w r i t t e n   a s  

r 

Here 

N 
XY 

N 
Y 

and 

where [W,] r e l a t e s   t h e   s l o p e s   t o   t h e   n o d a l   p a r a m e t e r s  The 
g e o m e t r i c   s t i f f n e s s   t h a t   a f f e c t s   t h e   i n - p l a n e   s t i f f n e s s  i s  

A 

ab 
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A A 
where 03 = [Wm]{a,] and [Wm] i s  a row v e c t o r   r e l a t i n g   t h e  

r o t a t i o n  cuz t o  t h e  nodal  parameters (a,}. 
z 

These matrices a r e  added t o   t h e   c o n v e n t i o n a l   s t i f f n e s s  

matrices  and  reordered  and  reduced  in  the manner d i scussed   i n   t he  

d e s c r i p t i o n  of t h e  conven t iona l   s t i f fnes s   ma t r i ces .  F o r  problems 

i n v o l v i n g   g e o m e t r i c   n o n l i n e a r i t y   a l l   s t i f f n e s s   m a t r i x   i n t e g r a t i o n s  

a r e  performed  using f i f th   order   Gauss-Legendre  integrat ion  over  

t he   t r i angu la r   r eg ions .  The values  of N x y  N and N used 

t o  form t h e  geometr ic   s t i f fnesses   a re   ob ta ined  by averaging  re-  

spec t ive   noda l   quan t i t i e s  from  each  of  the  three  nodes. 

Y ’  XY 

4.8.5 Formation  of I n i t i a l  S t r a i n   M a t r i x   ( P l a s t i c  Load Vector) 

The membrane and  bending i n i t i a l   s t r a i n   m a t r i c e s   a r e   w r i t t e n  

as   (Ref .  26) 

“ A  

The i n i t i a l   p l a s t i c   s t r a i n s   a r e  assumed t o   v a r y   l i n e a r l y  

from  node t o  node wi th in   the   e lement  and  have  an a r b i t r a r y   v a r i a -  

t ion   th rough  the   th ickness   a t   the   nodes   i . e . ,  
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t h e   i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i c e s  i s  performed u s i n g  Gauss- 

Legendre  integration  of  fourth  order.  The membrane component  of 

t h e   i n i t i a l   s t r a i n   m a t r i x  i s  condensed  from 20 t o  18 degrees 

of  freedom  using  Gaussian  elimination. 

The p l a s t i c   l oad   vec to r  (AQ)  i s  the  product  of t h e   i n i t i a l  

s t r a i n   m a t r i x  and  the  vector of i n i t i a l   s t r a i n s   o r ,   f o r   p l a s t i c  

ana lys i s   o f   p l a t e s   ( and   she l l s ) ,   i ne l a s t i c   fo rces  and moments, 

(AQ)  = Ck*lCn~) (158) 

where 

(A€] = "" 

"" 

The p l a s t i c  s t ra ins  are   evaluated  a t   the   nodes  of   the t z i -  
angle  and integrated  through  the  thickness   using  Simpson's   rule .  



Up t o  20 layers   (21   po in ts )   a re   a l lowed.  The number of l a y e r s  

must  be  an  even  number. If the  number of l a y e r s  i s  no t   spec i -  

f i e d   t h e n  t h e  d e f a u l t  of 10 l aye r s  i s  used. T h i s  has  been 

found t o  b e   s u f f i c i e n t   f o r  most  problems. 

4.8.6 Stress Calculations  and  Evaluation of P l a s t i c   S t r a i n s  

S t r e s s e s   a r e   c a l c u l a t e d   a t   e a c h  of the  three  nodes of  the  

t r iangle .   There  i s  no  averaging  of membrane s t ra . ins   or   curva-  

t u r e s  from adjacent   t r iangles .   S ince   the   o r thot r ,op ic   mater ia l  

p r o p e r t i e s   a r e   g i v e n   i n   p r i n c i p a l   d i r e c t i o n s  of a n i s o t r o p y ,   a l l  

c a l c u l a t e d   s t r e s s e s   a r e  i n  the   e lement   mater ia l   coord ina te  sys -  

tem defined by the  angle  @ (see  Fig.  2 4 ) .  These  direct ions 

must a l s o  be used  in   conjunct ion w i t h  H i l l ' s  o r t h o t r o p i c   y i e l d  

c r i t e r i o n .   S t r e s s e s   a r e   a l s o   c a l c u l a t e d   a t   e a c h   i n t e g r a t i o n  

poin t   th rmgh  the   th ickness  and w i l l  be p r in t ed  o u t  a t   t h e s e  

poin ts   i f   reques ted .   Otherwise  j u s t  top  and  bottom  surface 

s t r e s s e s  and s t r a i n s   a r e   o u t p u t .  

4.8.7 Thermal S t r e s s   Ca lcu la t ions  

Or thot ropic   thermal   s t ress   ca lcu la t ions   a re   a l lowed.   Di f -  

ferent   thermal   coeff ic ients   of   expansion  in   the  pr incipal   d i rec-  

t i o n s  of or thotropy may be spec i f i ed .  A parabolic  temperature 

d is t r ibu t ion   th rough  the   th ickness  i s  assumed.  Temperatures a t  

the  top,   bottom,  and  middle  surface  through  the  thickness a t  

each  node a re   i npu t .   L ike   t he   p l a s t i c   s t r a ins ,   t empera tu res   a r e  

assumed t o   v a r y   l i n e a r l y  from  node t o  node.  Temperatures a t  each 

layer  through  the  thickness  are  determined  from  the assumed para- 

b o l i c   d i s t r i b u t i o n .  The  thermal  load  vector i s  obtained by 

mu1ti .plying  the  thermal  strains by t h e   i n i t i a l   s t r a i n   s t i f f n e s s  

matr ix  
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where 

'*'Th I =  

0 

0 

T h e  i n t eg ra t ions   a r e   eva lua ted   i n   c lo sed  form  based on the  para-  

bo l i c   t empera tu re   d i s t r ibu t ion .  

4.8.8 Mate r i a l   P rope r t i e s  

A l l  material propert ies   are   constant   within  the  e lement   and 

a r e  assumed  temperature  independen%.  Elastic  properties  are  as- 

sumed t o  be   o r thot ropic  w i t h  t he   d i r ec t ion  of t h e  p r i n c i p a l   a x i s  

of   or thotropy,  f3, specif ied  for   each  e lement  

E l  v12E1  () 

1 - v  v - 
21   12   1 -v21v12  

V21E2 0 

1 -v21v12   lmV2  lV 12 

0 1 2  

where 

s t i f f n e s s .   T h e r m a l   c o e f f i c i e n t s  

5 1  c 1 2  0 

c 2 1   c 2 2  0 

0 O c 3 3  

> 0 f o r   p o s i t i v e   d e f i n i t e  

of   expansion  in  t h e  1 and 2 

d i r e c t i o n s  may a l so   be   spec i f ied   independent ly .  
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P l a s t i c  material p r o p e r t i e s  may be  assumed t o   b e   o r t h o -  

t r o p i c  w i t h  Hi l l ' s  y i e l d   c r i t e r i o n   f o r   p l a n e  stress used   for  

i n i t i a l   y i e l d i n g .  T h i s  y i e l d   c r i t e r i o n  i s  w r i t t e n  as 

where 

1 
G+H = - 

X2 

1 
F+H = - 

Y2 

1 

T 
2N = 7 

and X , Y ,  and Z r e p r e s e n t  t h e  n o r m a l   t e n s i l e   y i e l d   s t r e s s e s   i n  

t h e  1 , 2 ,  and 3 d i rec t ions ,   r e spec t ive ly ,   and  T i s  t h e  y i e l d  

s t r e s s   i n   s h e a r   i n  t h e  1-2 plane.  The fo l lowing   add i t iona l  

s t a b i l i t y   c r i t e r i o n  must  be s a t i s f i e d  by t h e  y i e l d   s t r e s s e s   f o r  

Hi l l ' s  equat ions   to   be   used  

1 1  1 1  1 2 
"" 

x2 Y2 4 h + 7  X Y Z2 
-1) > o  

Kinematic  hardening  theory as proposed by Prager  (Ref. 42)  and 

modified by Ziegler  (Ref.  37) i s  u s e d   t o   d e s c r i b e  t h e  subsequent 

hardening  behavior  of t h e  material. 

T h r e e  d i f f e r e n t   p l a s t i c i t y   o p t i o n s   a r e   a v a i l a b l e :  1) elas-  

t i c ,  i d e a l l y   p l a s t i c ,  2 )  e l a s t i c  l i nea r   s t r a in   ha rden ing ,   and  

3 )  e l a s t i c  non l inea r   s t r a in   ha rden ing   u s ing  a Ramberg-Osgood 
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power law representa t ion   of  t h e  s t r e s s - s t r a i n  law. F o r   i d e a l l y  

p l a s t i c  materials only t h e  y i e l d  stresses X,Y,Z,T need t o  be 

spec i f i ed .   Fo r   l i nea r   s t r a in   ha rden ing  t h e  s lopes  of  t h e  

p l a s t i c   po r t ion   o f   t he   s t r e s s - s t r a in   cu rves   ( t angen t   modu l i )  

must  be   i npu t   fo r   each  of t h e  three stress components. If non- 

l inear   hardening  i s  des i red   then  two Ramberg-Osgood shape  parame- 

t e r s   ( s ee   Sec t ion  3 f o r   f u r t h e r   d i s c u s s i o n )   f o r   e a c h   s t r e s s  com- 

ponent must: be   spec i f ied .  

D i f f e r e n t   s t r e s s - s t r a i n  components may have d i f f e r e n t  

hardening laws, e.g., ox-€ nonl inear   hardening,  CT -E 

l inear   hardening ,   and  T - nonlinear  hardening. However, 

i f  one  component i s  e l a s t i c - i d e a l l y  p las t ic  a l l  must  be.  Addi- 

t i o n a l l y ,  a t  t he  end of each  half-cycle of loading,  t h e  p l a s t i c  

ma te r i a l   p rope r t i e s  may be  changed. E las t ic  p r o p e r t i e s  may n o t  

be  changed a t  t h e  end  of  each  half-cycle. 

X Y Y  

XY yxY 

4.8.9 Loadings 

The  following  mechanical  loads may be  applied t o  t h e  p l a t e  

element : 

0 Concentrated  forces  and moments 

0 Distr ibuted  edge  loads  perpendicular   to   and 

i n  t h e  element  plane 

0 Dis t r ibu ted   sur face   loads   perpendicular   to  

and i n  t h e  plane  of  the  element.  

Concentrated  Forces  and Moments - These are appl ied  a t  

spec i f i ed   nodes   i n   t he   g loba l   d i r ec t ions .  

Edge  Loads - These are assumed to   va ry   l i nea r ly   f rom node t o  

ad jacen t  node  along  the  edge on which  they are appl ied.  They are 



a p p l i e d   i n  t h e  e lement   local   coordinate   system. The t h r e e  com- 

ponents of the   d i s t r ibu ted   edge   load  are s p e c i f i e d  a t  the i 

and j th node of t h e  edge. Edge 1 i s  de f ined   t o   be   t he   s ide  of 

t h e  element  connecting  nodes 1 and 2 ;  edge 2 i s  de f ined   t o  be 

t h e  s ide  connect ing  nodes 2 and 3 ;  and  edge 3 i s  def ined   to   be  

t h e  side  connecting  nodes 3 and 1 (Fig.  2 4 ) .  Applicable members 

w i t h  t h e  same d i s t r ibu t ion   a long   t he   r e spec t ive   edges   a r e   t hen  

spec i f ied .   Cons is ten t   load   vec tors   for   these   loadings   a re  cal-  

c u l a t e d   i n  t h e  e lement   rout ines  

t h  

J S 

These   a re   then   reordered   and   reduced   as   descr ibed   in   the   in i t ia l  

s t r a i n   s e c t i o n .  

Dis t r ibu ted   Sur face  Loads - The three components  of  the  sur- 

face   loads   a re  assumed to   vary   l inear ly   f rom node t o  node i n  t h e  

plane of t h e  element. They are   appl ied   in   the   e lement   loca l   co-  

ord ina te   sys tem  perpendicular   to   and   in  t h e  x , ~  d i r e c t i o n s  . 
The th ree  components of the  surface  load  px,p ,p, a r e   s p e c i f i e d  

a t  the  1 , 2 , 3  nodes of t h e  element.   Applicable members w i t h  the 

same values of components of t h e  respect ive  nodes  are   then  speci-  

f ied .   Cons is ten t   load   vec tors   a re   ca lcu la ted   in   the   e lement  

routines.  These  are  determined  from t h e  fo l lowing   r e l a t ions .  

Y 
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The load   vec tors   can   be   wr i t ten  as 

T h e s e   a r e   t h e n   r e o r d e r e d   a n d   r e d u c e d   a s   i n   t h e   i n i t i a l   s t r a i n  

sec t ion .  

4.8.10 Equi l ibr ium  Correct ion 

We may write t h e  equ i l ib r ium  co r rec t ion   t e rms   fo r  t h e  p l a t e  

element as (Ref. 36) 

where 

[R} = [Pi) - [WIT{aoIdV s v 
Assuming a l i n e a r   s t r e s s   v a r i a t i o n  from  node t o  node t h i s  can be 

r e w r i t t e n  as 
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The (Pi)  component i s  formed in   the   load   vec tor   format ion  

and  merely  consis ts   of   mult iplying  the  consis tent   load  vector  by 

the   mu l t ip l i ca t ive   s ca l a r   app ropr i a t e   t o   t he   cu r ren t   l oad   va lue .  

The second  component i s  v i r t u a l l y   i d e n t i c a l   t o   t h e   i n i t i a l   s t r a i n  

mat r ix  and is  formed a t   t h e  same time. It i s  mul t ip l i ed  by the 

vec tor   o f   s t ress   and  moment r e s u l t a n t s .  The l a t t e r  i s  obtained 

by numer i ca l ly   i n t eg ra t ing  t h e  s t resses   th rough  the   th ickness  

using  Simpson's  rule.  

4.8.11  General Comments 

e In  general ,   displacements  and  rotations  between  elements 

along  an  edge w i l l  n o t  be canpa t ib l e   i f   t he   ad j acen t   e l emen t s  

a r e   n o t   i n   t h e  same plane.  T h i s  i s  due to   the  assumption of a 

qu in t ic   po lynomia l   representa t ion   for   the   ou t -of   -p lane   d i sp lace-  

ment w and a cub ic   r ep resen ta t ion   fo r  u and  v. I f   t h e  

s t r u c t u r e  i s  planar  then  displacements  and  rotations will be com- 

pa t ib le   and  membrane s t r a i n s  and  curvatures w i l l  b e   i d e n t i c a l   i n  

elements w i t h  common nodes. 

0 The d isp lacements   and   ro ta t ions   a re   assembled   in   the   g loba l  

system. Membrane s t r a i n  and  curvature  degrees of freedom a r e   a s -  

sembled i n  a " local   g lobal   system."  The local   coordinate   system 

of the  f irst  e lement   spec i f ied  t h a t  con ta ins  a node becomes the 

re ference   sys tem  for  t h a t  node.  For t h i s  reason  the  out-of-plane 

angles  between  elements  should  not  be  large  and  each  grouping of 



elements  about a node should  be a "shal low  shel l ."  I f  t h i s  i s  

not  so ,  f o r  example, a t  a node on the  corner   of  a box, t h e  mem- 

b r a n e   s t r a i n s  and  curvatures  should  not  be  assembled w i t h  those 

of  an  element w i t h  which t h e r e  i s  a la rge   angle .  To avoid  l ink-  

i n g   a l l  of t h e  degrees of freedom of the two nodes,   mult iple  

d e f i n i t i o n  of a poin t  w i t h  two node  numbers can be made and  the 

same coord ina tes   ass igned   to   the  two nodes.  Multipoint  con- 

s t r a i n t s   c a n   t h e n  be  used t o   s e l e c t i v e l y   l i n k   d i s p l a c e m e n t  and 

ro ta t ion   degrees   o f   f reedom  to   ensure   cont inui ty  of these  quan- 

t i t i e s .  

0 T h i s  element i s  a v a i l a b l e   i n   t h e  BEND module. 

4.9 Isoparametric Hexahedron " 

4.9.1 In t roduct ion  

A review  of   the  present   s ta te   of   isoparametr ic   e lements  i s  

presented i n  Ref. 51. These  e lements   are   character ized by a 

mapping procedure  used  to  map a s imple   shape   in   the   loca l   o r  

n a t u r a l  sys tem i n t o  a curv i l inear   shape   (ac tua l   shape)  i n  the 

global  system.  For  the  three  dimensional  solid-  element  pre- 

sented  here ,  a cube i n  loca l   coord ina tes  i s  mapped i n t o  a hexa- , 

hedron in   g loba l   coord ina tes   (F ig .  2 5 ) .  The mapping function  can 

be   wr i t t en   i n   t he  form 

where x,  y ,  and z represent   the   g loba l   coord ina tes ,  4 , C y  
and q r ep resen t   t he   l oca l   coo rd ina te s ,  and x r ep resen t   t he  i 
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6 

2 10 3 

a )  Local  Coordinates 

Z 

X 

b )  G l o b a l  Coordinates 

Fig.  25 Isoparametric  Hexahedron 

noda l   coo rd ina te s   i n  t h e  global  system. T h e  mapping func t ion ,  

or   shape   func t ions ;  N f ,  have the   p roper ty   o f   be ing   un i ty  a t  

node i and  zero a t   a l l   o t h e r  nodes. 

4.9.2 Displacement  Assumptions 

T h e  element  deformation i s  descr ibed  using t h e  same shape 

func t ions  as i n   R e f .  51, hence  the name i soparamet r ic  

i 
where Qi r ep resen t s   t he  unknown generalized  degrees  of  freedom 

a s s o c i a t e d  w i t h  an  individual   e lement .  

W i t h  t h e  use of " r e l a t ive   coord ina te s"  w e  now d e r i v e  a 

s ingle   isoparametr ic   hexahedron w h i c h  has a v a r i a b l e  number of 
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nodes,  of  between 8 and 20.  I n   p r a c t i c e  t h i s  i s  e s p e c i a l l y  

u s e f u l  where i t  is  necessary   to   genera te  a mesh conta in ing   ad ja-  

cent   e lements  w i t h  d i f f e r e n t  numbers of nodes,   as   occurs  when a 

mesh changes  character ,  e . g . ,  going  from a more c o a r s e   t o  a 

f i n e r  mesh. For a more d e t a i l e d   d e s c r i p t i o n  of the  use of r e l a -  

t i ve   coord ina te s   s ee   Re f .  52. 

For  an  isoparametric  hexahedron of between 8 and 20 nodes 

the  shape  funct ion i s  as follows 

@ = Nisi i = 1, 2 ,  . . . , 8 p l u s  any  midside  nodes (169) 

i 

where N i  = Pi for  the  midside  nodes (i = 9 ,  .. . , 20) ,  as   they  

e x i s t  , and Nf = P - 7(PI + P + P ) f o r  the corner  nodes 1 
i J K 

(i = 1, ..., 8)  where I ,  J, and K represent   the  midside 

nodes ,   a s   t hey   ex i s t ,   ad j acen t   t o   co rne r  node i. 

The P func t ions   a re   g iven   as   fo l lows  

for   the  corner   nodes and 

for  the  midside  nodes,   where 4, = 4 E i ,  T o  = [ T i ,  and q o  - - rlrli- 

We can  see  from E q s .  (169) and (170) that   the   shape  func-  

t i o n s   a r e   b u i l t - u p  from  an  eight-node  hexahedron  representation 

(no  midside  nodes  existing).  When  we have  no  midside  nodes we 

a r r i v e   a t  
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B 

In   o rde r   t o   eva lua te   t he  terms i n  t h e  

t h e  r e l a t i o n s h i p  

[ B ]  ma t r ix  we use 

w h e r e  J i s  given by  Eq. (175) .  

Fo r   an   a rb i t r a ry   e l emen t   con f igu ra t ion  t h e  e x p l i c i t   i n t e g r a -  

t i on   r ep resen ted  by Eq. (174)  cannot   be   car r ied   ou t .  We employ 

a Gauss quadra ture   numer ica l   in tegra t ion  scheme as a n   e f f i c i e n t  

procedure (Ref. 4 5 ) .  

4.9.4 Geometr ic   St i f fness   Matr ix  

T h e r e  i s  no   geomet r i c   s t i f fnes s   ma t r ix   cu r ren t ly   ava i l ab le  

w i t h  t h i s  e lement   in  PLANS. 
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I 4 . 9 . 5   I n i t i a l   S t r a i n   S t i f f n e s s   M a t r i x  

The i n i t i a l   s t r a i n   s t i f f n e s s   m a t r i x  i s  given by 

where J i s  given by E q .  (175)  and [ C ]  i s  def ined  in   Sec-  

t ion  4 .9 .8   for  t h i s  element. To obta in  E q .  (178)   t he   i n i t i a l  

s t r a i n s   a r e  assumed t o  be  constant  throughout  the  element  and 

eva lua ted   a t   the   e lement   cen t ro id .  The p l a s t i c   l oad   vec to r  i s  

given by 

( Q I  = [ k " l ( ~ ~ l  (179) 

4 .9 .6  S t r e s s e s  and S t r a i n s  

The e l emen t   s t r e s ses   a r e   found   a t   t he   cen t ro id  from 

They a re   g iven   i n   t he   p r inc ipa l   ma te r i a l   d i r ec t ions .  The t o t a l  

s t r a i n s   a r e   o b t a i n e d  from E q .  (176). The i n i t i a l   s t r a i n s   a r e  

due t o  b o t h   p l a s t i c  and thermal   e f fec ts  and a r e   t h e  same a s  used 

i n   d e r i v i n g  t h e  e f f ec t ive   l oad .  The e l a s t i c   c o e f f i c i e n t   m a t r i x ,  

[ C ] ,  i s  given  in   Sect ion  4 .9 .8   for  t h i s  element. 

4.9.7 Thermal  Loads 

Thermal  loads  can be appl ied  to   an  e lement  by spec i fy ing  

the  nodal  temperature,  T ,  and c o e f f i c i e n t s  of  expansion, a 

The t h e r m a l   s t r a i n s   a r e  E = E = = a . T ,  E = E = 

E = 0.  T h e s e   a r e   t r e a t e d   a s   i n i t i a l   s t r a i n s   a n d   t h e   l o a d  

vec tor  i s  obtained f r m  E q .  (179).  

i' 

xx YY € Z Z  1 XY YZ 

XZ 
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The nodal   temperatures   are   input   only  a t   corner   nodes  and 

are   averaged  to   obtain  an  e lement   temperature   for   use  in   the 

thermal   load  vector .  The ai may be d i f f e r e n t  i n  each  of  the 

p r i n c i p a l   d i r e c t i o n s  of or thot ropy .  

4.9.8 Mate r i a l   P rope r t i e s  

The e l a s t i c   c o e f f i c i e n t   m a t r i x ,  [ C ] ,  corr:esponds  to  an 

o r tho t rop ic   ma te r i a l  and  can  be  expressed  as 

[ C l  = ~ Q I T [ c o l [ Q l  (180) 

where [ C o ]  r epresents   the   reduced   coef f ic ien t   mat r ix  a long  the  

p r inc ipa l   axes  of orthotropy  and [ Q ]  represents   the  t ransforma- 

t i on   i n to   g loba l   coo rd ina te s .  The terms  of [ C  ] a r e  as  follows 
0 

where 
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V V 1 2   2 1  

E2 
"- - 

V V 1 3   3 1  "- - 
E 3  

V v 23  32 

E3 E2 
- = -  

T h e  t ransformation i s  taken f ixs t  a s  a ro t a t ion   abou t   t he  

z-axis,   then  about  the x-axis,  then   about   the   y -ax is ,   i . e . ,  

Q = QyQ,Q, 

T h r e e  types of hardening  laws may be   spec i f i ed   fo r  these 

e l emen t s .   F i r s t ,   e l a s t i c - idea l ly   p l a s t i c   behav io r   based  on 

Hi l l ' s  c r i t e r i o n   f o r   o r t h o t r o p i c   m a t e r i a l s  may be  input .  T h i s  

requi res   input ing  t h e  t h r e e   y i e l d   s t r e s s e s   i n  t h e  p r i n c i p a l   d i -  

r e c t i o n s  of   o r tho t ropy   and   the   th ree   y ie ld   s t resses   in   shear  

w i t h  r e s p e c t   t o  these planes.  T h e  two other  types  of  hardening 

may cu r ren t ly   be   u sed   fo r   i n i t i a l ly   i so t rop ic   ma te r i a l   behav io r .  

These   a re   l inear   s t ra in   hardening   and   nonl inear   s t ra in   hardening  

based on a Ramberg-Osgood r ep resen ta t ion  o f   t he   s t r e s s - s t r a in  

law. A t  the  end  of  each  half-cycle of loading  the  plast ic   mate-  

r i a l   p r o p e r t i e s  may be  changed. 

4.9 .9  Loadings 

Two d i f f e ren t   t ypes   o f   l oad ing   cond i t ions   can   be   app l i ed .  A 

consis tent   load  can  be  appl ied  across  a face  of an  element.  A 

concentrated  load  can  be  placed a t  a node. 

Surface  Tract ions - The  cons is tenc   load   vec tor  i s  obtained 

from t h e  l a s t  term of  Eq. ( 1 7 3 ) .  For a cons i s t en t   l oad  we 
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r e p r e s e n t   t h e   a p p l i e d   t r a c t i o n s   i n   t h e  same func t iona l  form as 

the  general ized unknowns, i .e . ,  

where  [Ti)   represents   the  appl ied  nodal   t ract ions.   Subst i tut-  

ing  E q .  (181) i n t o  E q .  (173)   and   i n t eg ra t ing   i n   t he   l oca l   co -  

ordinate   system we a r r i v e   a t  

where q1 and q 2  de f ine  t h e  plane  over w h i c h  t he   t r ac t ion  i s  

app l i ed  and 

A =  1 1 2  A + B  2 + C  2 

where 

,ax2 ""- ax3 ax3 ax2' 
A = b q ,  aq2 4 
B =  

c =  

ax 1 
" 

a, 1 

(- ax1 - ax2 - . 
d'l 2 

ax 
a, 1 

2 - 

ax3 '. 

L 

From E q .  (182) we see   t ha t   t he  form of the  load  depends on 

whether  midside  nodes  appear.  For a face  w i t h  no  midside  nodes 

the   l oad   va r i e s   l i nea r ly .  When a midside node appears  the  load 

v a r i e s   q u a d r a t i c a l l y   i n   t h e   d i r e c t i o n  of the  edge of the mid- 

side  node. It i s  impor tan t   to   no te   tha t   the  i n p u t  i s  the  appl ied 
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t r a c t   i o n s   i n  E q .  (181), a t  nodes  and  not   the   total   load.  Ti 

Concentrated Loads - A concentrated  load  can  be  placed a t  

any  node  by  simply  specifying i t s  magnitude ( t o t a l   l o a d )  and 

d i r ec t ion .   Thus ,   i n  t h i s  case w e  a r e   a c t u a l l y   i n p u t t i n g  Fi. 

4.9.10 General Comments 

a I n t e g r a t i o n  Order - A r e c t a n g u l a r   p a r a l l e l e p i p e d ,   i n  g loba l  

coord ina te s ,  of e ight   nodes  requires  a 2 x 2 x 2 po in t  Gauss 

i n t eg ra t ion   wh i l e  a r ec t angu la r   pa ra l l e l ep iped  of twenty  nodes 

r equ i r e s  a 3 x 3 x 3 poin t  Gauss in tegra t ion .   Care  m u s t ,  how- 

eve r ,  be taken as t h e  element  diverges  from a pa ra l l e l ep iped .  

An e x a c t   s t i f f n e s s   c a n  no  longer be ca l cu la t ed   bu t  a good ap- 

proximation  can  be  found by increasing  the  order  of i n t e g r a t i o n .  

Orders of i n t e g r a t i o n  which a r e   t o o  low lead   to   e lements   tha t  

a r e   t oo   f l ex ib l e .   Orde r s  of i n t e g r a t i o n   t h a t   a r e  t o o  high  cause 

roundoff  problems. It i s  sugges ted   tha t  when a choice  has   to  be 

made the   o rder   o f   in tegra t ion  be kept  on the low s i d e .  T h i s  

e l iminates   any  roundoff   errors  and s i n c e   e l e m e n t   s t i f f n e s s e s   a r e  

g e n e r a l l y   t o o   h i g h   t h e   e r r o r   i n   t h e   s t i f f n e s s   m a t r i x  i s  i n  the 

r i g h t   d i r e c t i o n .   I n   g e n e r a l ,  i t  i s  b e s t   t o  keep  the  element as 

r ec t angu la r   a s   poss ib l e .  

a Orthot ropic   p roper t ies  may only  coincide w i t h  the   g loba l  

a x i s   c u r r e n t l y .  

0 T h i s  element i s  a v a i l a b l e   i n   t h e  HEX module. 
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